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An Analytical Method of Determining 
Pole Locations of Certain Types of 
Feedback Amplifiers 


RODGER L. GAMBLIN 


ASSOCIATE MEMBER AIEE 


ynopsis: The pole locations of feedback 
nplifiers of an arbitrarily large number of 
ages, but with only one or two character- 
ic time constants, can be solved analyti- 
lly. The resulting expression is then gen- 
al for all of one class of amplifiers. A solu- 
on of the case of stages of one time con- 
ant and m stages of another with 2/m>1 
presented. The case with m=1 and with 
eal matched transmission lines in the loop 
also solved. Other cases presented are for 
=O and m=n. The analysis is shown to 
e good for high- or low-frequency investiga- 
ons where the system bandwidth is broad 
hough to prevent high- and low-frequency 
Psponse interference. 


™ASICALLY, three methods are pres- 
ently used in predicting the response 
feedback amplifiers when the number 
stages becomes larger than three. 
hese are construction of a Nyquist 
Jiagram,'? construction of a Bode Dia- 
am,” or construction of a root-locus 
lot. All three methods are extremely 
seful, but have the common disadvan- 
age of being graphical in nature and de- 
nanding considerable experience in their 
se in order for them to be a meaningful 
Dol. 
As will be shown, when the open-loop 
-ansfer function of a system is ofa kind 
ith only one or two characteristic time 
pnstants, an analytical approach exists 
hich yields an expression for pole loca- 
ons in terms of the amplifier character- 
tics. The solution is then applicable 


b any of a class of feedback amplifiers 
hich have the same form of transfer 
oction. 
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The following analysis depends upon 
the amendability of factorization of poly- 
nominals of the following form: 


(s+a)"(s+b)"=K’'B (1) 


where s is the Laplace transform variable 
and a, b, m, K’, and @ are constants de- 
pendent upon amplifier characteristics. 
Since only amplifiers which have the 
above form of characteristic equation (the 
terms in the denominator of the feedback 
amplifier transfer function) are solvable, 
the analytical approach, to be described 
later, is limited to amplifiers which have 
no internal feedback loops encompassing 
more than two stages. It is also limited 
to systems which have resistive voltage 
feedback with or without a distributed 
element in the loop, and to systems where 
methods of compensation do not lead to 
individual stage transfer functions con- 
taining a power of s greater than 1. 

In spite of the restrictions, a large class 
of amplifiers, especially those used in 
audio and analog-computer work, can be 
approximated so as to be encompassed by 
the analysis. An analytical expression 
for the stabilizing influence of a low-pass 
stage within a multistage system is pre- 
sented which is useful in approximating 
stability limitations easily and quickly. 


Preliminary Considerations 


When the small signal approximation is 
used in the analysis of the high-frequency 
transfer function of a single-stage ampli- 
fier, the complex gain, neglecting stray 
inductance, transit time, and other 
higher order effects, is usually: 


Fig. 1. Circuit diagrams for 
high-frequency response of 
ordinary amplifier 


A=K/(st+B) (2) 
In the particular case shown in Fig. 1(B), 
Re Sirs Ber Rie 


Neglecting any interactions between 
stages, the output of a series of cascaded 
amplifiers is the product of the gain of 
individual stages. When a voltage feed- 
back Joop is formed around the series of 
cascaded units, the resultant complex 
gain becomes: 


Ki K2K3...Kn 


A= 
(s+B,)(s+Be)(s+Bs3)...(s+Brn)— (3) 
BKiKe...Kn 


An amplifier which feeds directly into a 
matched lossless transmission line has a 
complex gain characteristic of the follow- 
ing form: 


VAI ES (4) 


where a represents the time delay associ- 
ated with the line and K is the amplifier 
gain. When a multistage amplifier has 
one or more stages connected through a 
series of matched transmission lines, the 
complex gain becomes: 

PRCA Oa) Cae a) a 

(s+Bi)(s+B2)(s+Bs)... 

The gain, when the amplifier is fed back, 
becomes: 


i (KikeK:...) 
is ~ (s+ By)(s+ Ba). ..€6%t%2" 8 — (6) 
B(Ki KK...) 


Exact Solution in Two Cases 


When equation 1 has either m or m equal 
to zero or when m=n an exact solution 
for the roots of the equation is possible. 
In the first instance, equation 1 can be 
written as: 

(s+B)"=K’s (7) 


with K’ equal to Kik2Ks...Kn. By 
application of De Moivre’s Theorem, the 
solution can be found as: 


Sp = KRG tee eke) /n) BR 
pa02t tobe eD) 


sp =roots of 7 (8) 


io) 


PENTODE 


A) (B) 


TRIODE 
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Normally 8 will be chosen for negative 
feedback so that 6 will equal r. 

Substituting in the appropriate values 
of K’, 8, and B for pentode circuits, 
equation 8 becomes: 


1 , 
Sp= F Cig, Bieter eae aS 


(rpt+Rx)/(tpRt)) (9) 
and for triode circuits: 
= h/ Gr OC By ce 
(rp+Rz)/Rr) (10) 


In both equations, it is to be noted that if 
the numerical value of B is identical in 
each stage, then by letting K’ equal Ki Ko- 

.. Ky, an equivalent gain can be defined. 
Thus wy’ is such an equivalent gain. A 
graph of the root structure of equation 10 
is shown in Fig. 2. 

When =m in equation 1 an exact solu- 
tion can also be found, for in such a case 
the characteristic equation is of the 
form: 


(s+B,)"(s+Be)”= (11) 


A substitution of (w—V) for s where V= 
(B,+B:)/2 and D=(B,—B»)/2 leaves 


(w*—D?)"=K's (12) 
Applying De Moivre’s Theorem twice: 
w= (| KEP Br Ne 130) / 2) + D?| ) 1/2 


!( (ara (K'B)1/met(m +2k/) /n+D2)/2+(2k"m)/2) 


k’=0, 1, 2, ...(n—1), #’=0,1 (13) 


The roots for an example of equation 
13 are shown in Fig. 3. The case illus- 
trated is for By=2B, and B,=1/r,C,; 
and the graph is shown in units of 1/7)C\. 
Advantage is taken of the fact that R,/ 
(rp +Rz)=1 for triodes. This latter 


restriction is unnecessary and has been 
taken only for convenience and, as can 
be seen later, can easily be included in 
analysis by redefining some constants. 


Fig. 2. Roots of n identical stage feedback amplifier in units of 1/R,C 
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Approximate Solutions 


Perhaps the most important type of 
feedback amplifier is that with a number 
of wide band stages and one narrow band 
or low-frequency response stage. In such 
a case the complex gain under condi- 
tions of feedback has a characteristic 
equation of the form: 


(s+By)"(s+B2)=6K’ 


If the equation is normalized by sub- 
stituting 71Ci= prp2C2 and w=s7piCi, and 
for convenience, advantage is taken of 
the fact that R,/(Rz,+7r,)=1 for triodes; 
if m’ is defined to be an equivalent gain: 


(14) 


il 
w+1r(e+*) =n""'B/p (15) 
Letting z=(w+1) and allowing for the 
fact that 1/p is small compared to unity: 


2"(z—1)=n""! B/p (16) 


As will be seen later it is not necessary 
that 1/p be small compared with unity to 
solve the equation. In cases where it is 
large or equal to unity, however, the 
above solution closely approaches either 
the 7 identical case with additional gain or 


the n+1 identical stage case. Letting 
git = re? 

then: 

gap (rt) i [(6+2k7) /n+1] (17) 


k=0, 1, 2,3, 4, ...,” 


Substituting equations 17 into equation 
16, the result becomes: 


; 1 i( 6 +) 
10 Laat ha FL +1 
re’ (as © bi eee pe B/p 


(18) 
Unless n”*! B/p is either very large or 


Fig. 3. Poles of amplifier with six stages of one band pass and six. 


very small, 7 is going ‘to be close to unit 
If vis close to unity, then 1/7/(*) y 
vary from 1 at worst as (r—1)/n+ 
Later, an estimate of the error invol 

in letting 1/7/21 will be inves 
gated. At the present time, however, 
let 1/7/91, 


ge yan B/p (19) 


The quantity in parenthesis represents ¢ 
vector on the complex plane. Let the 
modulus of this vector equal a and the 
argument equal 6’, then: 


re(ae'®’)=y"" B/p (20) 


From the form of equation 20 it can 


6 2k 
nyt ay 


seen that ra=,”"! B/p and 6+8=7 whe i 
these latter quantities are, of course, reé a. 
The quantity in parentheses in equation 
19 is an isosceles triangle whose apex ang : 
is just (@+27k)/(n+1). Letting 

apex angle equal a, from the geomett 
of the triangle: 
m—2B=a ( 1 


A relation thus exists between a and 6 
and since a is in terms of 6 alone, a@ ca { 
be determined in terms of m and k, and: 


7e!9(1 — _f(th+D/Ont))) _ _ ntl gy (22) 


Remembering that re =z”*1, the solutiom 
for gis: 


Talia Ge ( oo 


i pnt 


~1)-ve4 
(2 
By again noting that the quantity im 
parentheses is an isosceles triangle, roo i 
of equation 19 can be determined by a: 
somewhat simpler form of equation 233 
since a=2 (cos 6/2) and B=6/2, and sin e 


the roots occur in complex conjugat 
pairs: 


Im(w) Im(s) 


Re (saw 


another 
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Fig. 5. Relation between a, 8, and a 


g. 4. Approximate poles of n-stage high-pass and 1-stage low-pass 
feedback amplifier in units of 1/RpC 


pa (+) 1 


ha pert) ( w(4k+1) 1/(m+1) \f 
2,.cos ——_—— 
2n+1 
| 
+17 


Op; 2, 38, 4,5, ...2 
=U, 1, 2,3, 4,5, ...m 


quation 24, by resubstituting in the 
yuations for s and w, becomes: 


i p’pi/(mty) 1 
i, C; pitt) ( 


2n+1 


Equation 25 is the approximate solu- 
on for the roots of the characteristic 
yuation of an identical stage amplifier 
ith one additional relatively low pass 
age. It should be noted that the above 
bution gives (2-+1)? roots instead of the 
quired +1. The reason for this fact 
the nature of the approximation, and if 
is large enough, the cosine term in the 
nit approaches unity and the contribu- 
on of the & as opposed to the k’ angles 
ds to zero. It should be noted that in 
ne limit of large m, the cosine term 
pproaches unity for all & values and, 
ither, that this term cannot be zero 
he expression (vk+1)/(2n+1) cannot 
yual +/2 for positive integral k and n 
blues) except in the limit. For moder- 
ely large values of n (e.g., 4), the above 
bution gives a cluster of 2 roots located 
each of the (z+1) values of k’. An 
ustration of the solution for n=5 is 
1own in Fig. 4. 
A check on the error involved in the 
yi(+1) approximation can be made 
y examining equation 22 with more 
ire. As is illustrated in Fig. 5 with a 
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(4k41) 3 Q7k’ 
Gnsayonsiy wei ) 


ch) i/enet) \° 


(24) 


Se ees ol ae 8 aa ee 
representative value of apex angle, the 
quantity in parentheses in equation 22 
can be vectorially added to form a tri- 
angle. If the error due to the 1/1/@+» 
approximation is taken into account, the 
maximum error in @ is 1—1/ri/(@+0, 
Remembering that ar=M where M= 
ee ee eee a ee 
4k41)74 Qik’ 
Gocco) al 


(25) 


u”*) B/p, the error in ¢ can be determined 
by perturbing 7 and a simultaneously and 
keeping M constant and is: 


24 = 1/(m+1) 
ee Gals ) 
M 


(26) 


The error in 6 can be found by noting that 
the error in 8 is approximately equal to 
(1—1/7/@+)/a) and that B+0=7 


Ald) 
Lat ee ee (27) 
Using the value of 7 given by the solu- 
tion of equation 22, an estimate in the 
error of the solution of that equation can 
be formed. It is to be noted that for very 
small M, (u"**B/p<<1), the approxi- 
mation is invalid; also it should be noted 
that for large the approximation be- 
comes better. Since M is a quantity 
related to feedback, the first condition 
is that for feedbacks that are low com- 
pared to possible feedbacks (without in- 
stability) the approximation does not 
hold. 

The approximation (1/p<<1) used in 


3 1 
rei( ~ AL (nFi) 


forming equation 16 is obviously not 
essential as a linear relation would still 
exist between a and £ if a constant other 
than unity multiplied the exponential 
term of the quantity in parentheses in 
equation 18. The solution is tedious but 
in principle can still be solved. 


CASE FOR n/m>>1 


The method of solution in the analysis 
for m=1 can still be applied for m=1, 
2, 3, or other values provided that n/m is 
much greater than 1. In the case of 
two low-pass stages, the square root of 
each side of the equation can be taken 
and the result is: 


pl@*)/2g1/2 


i i8_ /2 
it /2, @ba/ 


a%(g—-1)= (28) 


and provided n/2>>1 the solution still 
holds. 


CASE WITH IDEAL MatTcHED 
TRANSMISSION LINE IN LOOP 


A final case of importance is when a 
transmission line appears in the amplifier 
feedback loop as shown in equation 7. 
The characteristic equation, using some of 
the above notational simplifications, is; 
2"(g—1)e(@V EC me e-) =n""1@/p (29) 
where d is the total length of the trans- 
mission line in the loop in suitable units 
and (LC)? is the velocity constant of the 
line again in suitable units. Letting 
ré§=g"*! and letting d(LC)1*/rmCi:=a: 


Jester x 


942K ar 
a/re/eni[ cos it ie 
ei(@/71/(m+1) | [sin (9+2km)/(n+1)}) 
sur*) pel/? (30) 


k=0,1,2,...,% 
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Using the isosceles triangle relation- 
ship for the quantity in parentheses, the 
relation between angles in the solution 
becomes: 


x 1/0+2kr 
-£- n+1 )+ 
(31) 


By substituting y=(0+2kr)/(m+1) and 
using a perturbation method of approxi- 
mation: 


m(4k+1) _ 
2n+1 


y= 

sin ar(4k+1)/(2n+1) 
(2n+1)/(2)+.a cos [ar(4k+1)/(2n+1)] 
(32) 


The solution of equation 32 then be- 
comes: 


p(Ber 1") 1 1/(m 1) 
i pi/ (m+) p% 8 ¥ x 
1 1/(n+1) 
(x ae :) bee 


Because of the approximation implicit 
in the perturbation solution of y, it is not 
reasonable to assume that equation 33 
will adequately represent the roots of the 
characteristic equation if a is not consider- 
ably less than pr piCi. 


Extensions of Analysis 


These methods are directly applicable 
to the investigation of the high-frequency 
response of certain types of amplifiers. 
The low-frequency complex gain of ca- 
pacitively coupled units may be repre- 
sented by an equation of the following 
form: 

R7C 
a (34) 
ca C(Ri+rp) 


A= 


By transforming s by means of w=1/s the 


gain may be put into the form suitable — 


for investigation by the above methods. 


Certain Results of Analysis 


Equation 25 relates to the location of 
the poles of the transfer function of an 
amplifier of 1 high-pass stages and one 
low-pass stage. If n is relatively large it 
can be seen from the equation that an 
approximate stability criterion becomes: 


perry 


pia Si} (35) 


or 
1/(n+ 
pp! + <p / (n+) 


Since p is the ratio of the long-to-short- 


time constant in the low-pass and high 
pass stages, respectively, a very simpl 
method of specifying stability exists 
Depending upon the characteristic out 
put impedance or output noise discrimina 
tion required, a value of u@ for an ampli 
fier (in the midfrequency range) is speci 
fied. Then, depending upon the require 
over-all gain after feedback, 6 is approxi 
mately determined. Equation 35 then 
relates the required ratio of the time con= 
stants for stability. It should be noted 
that the over-all band pass of the ampli- 
fier, when uB'/\"*)/p'/("*) is close to G 
is close to the band pass open looped and 
without a low-pass stage. Output ime 
pedance, linearity, and discrimination 
against noise in the output end of the 
amplifier is achieved at the expense of 
gain. 
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PREVIOUS PAPER! has proposed 
the ‘‘probabilistic error’ as measure 
of performance and basis of design for 
controlsystems. The probabilistic error 
or “‘end-sigma error’’ was defined as the 
average value of the suitably penalized 
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etror occurring at such times when the 
output of the system is actually utilized. 
This measure of performance was mathe- 
matically formulated! and, for squared- 
error penalizing and invariant linear 
systems, was evaluated in a general way 
in the s or the ¢ domain. An integral 
equation was also obtained! which defines 
the optimum time invariant linear sys- 
tem in the sense that it has the smallest 
probabilistic error. 


Starting with the results obtained, the 
present paper evolves a complete design 
Process leading to the weighting func- 
tion and to the value of the probabil- 
istic error of the optimum system. This 
process is presented as a complete se- 


quence of definitions and equations which 
can be easily followed ‘‘cookbook fashion” 
by the programer of the digital com- 
puter; in fact, such programs have al- 
ready been established. 

It is significant that this process 
worked out here for a case which is far 
from trivial. It is quite general, covering 
a broad class of important and involved 
practical situations. 


Solving for Optimum System 


The probabilistic square error has be 
defined! generally as 


= So" pC) %() = "(t))2at (1A) 
and for time invariant linear systems 
this definition was reduced! to: 
Sas ¥ii(0,0) ~2 Sr dtk(ti)Wir(0, —4)+ 


if tsk (te) S 0 GtsP(t1 )Wrr( tayts —h) 


where 
Wrr(ty, T)= w(t, T) 
=Sv te" P( ty +t1)'r(ty)’r(te-+ 7) 
Virlt.7) =W'(h,7) 
Src ee 
2th) ih) r(t+r) 


May 196 


it(ti,7) =(t1,7) 
=So dlp tiieyihtr) (4) 


here 'r(t) is the number / member of the 
semble of inputs to the control system, 
f) is the corresponding desired output 
hich need not be identical to the input, 
d'p(é) is the probability distribution of 
mes when the output resulting from in- 
t of type 'r(#) is utilized.1 The solid 
ne indicates averaging over the ensemble 
dexed by /;! k(#) is the weighting func- 
on, or impulse response of the system; 
is the end sigma, the form of letter sigma 
sed at the end of Greek words; and T 
an be infinite in these equations: it 
spresents the duration of output utiliza- 
on so that p(t) =0 if t>T7. 

The impulse response of the optimum 
stem usually contains a Dirac delta 
anction at ¢=0: 


t)=AKt) +ke(t) (5) 


ysically this delta function represents a 
arallel branch in the closed-loop transfer 
inction which is a simple gain A; k,(f) is 
e continuous part of the impulse 
ssponse. 

To establish the optimum system it is 
bund advantageous to expand 'p(?), 
(@), (1) and k(t) as follows: 


(=) 'badal(t) (6) 
PO (7) 
= > Yiada!(t) (8) 
(1)=) > kada'”(t) (9) 


here ¢q'(#), $a’ (t), ¢a''(#), and $a'”(t) 
e four sets of functions which may be 
fferent or may coincide with each other 
ad which are defined over the interval 
t<T. These functions must be sec- 
onally continuous and bounded on the 
terval but otherwise can be arbitrary. 
he sets may consist of a finite or infinite 
mber of members. For instance, equa- 
ons 6 through 9 may represent Taylor 
pansions: 


(10) 


(11) 


r the selection of an orthogonal or ortho- 
ormal set on the interval 0<t<T can be 
ade for any of the ¢(é) sets since this 
ads to a ready determination of the 
efficients. As an example: 


a= So 'p(t)bal(t)at (12) 


| 
Tay 1960 


With orthogonal base functions, of course 
equations 6 through 9 represent general 
Fourier series. It will be assumed for the 
rest of this paper that the ¢,’" (#) in equa- 
tion 9 form an orthogonal set. 

It is shown in Appendix I that with the 
expansions of equations 5 through 8 the 
expression for the end-sigma error of a 
given system (equation 1[B]) assumes 
the form: 


= 24 ( ) tnd" ap) +a Hf 


D> adn +>) Sy  belintinn” (13) 


It is also shown in Appendix I that the 
kn coefficients of the continuous part of 
the optimum impulse response can be 
obtained by inverting a set of linear equa- 
tions. In matrix form: 


Rn] = [mn] fm] (14) 


while the strength of the delta function 
part of the optimum impulse response is 
defined by the equation: 


tly Bae 


and the end-sigma error of the optimum 
system can be obtained as 


s=f— Af — > retin! 


(15) 


(16) 


where the elements of the matrix are de- 
fined as: 


fn fan? a7) 
fm =fn! fn", (18) 
2S, 2 73 Wave Fave (19) 
Pas ds D Mere’ Far (20) 
ee > as Diane" Fan (21) 
fn =) 2» Diane Fanon (22) 
in'= | my Di Mave" Fanen (23) 

(24) 


fit = » 2 Ware’ Faocmn 
a b c 


The factors on the right of equations 19 
through 24 are defined in Appendix I. 
The most significant thing about these 
definitions is that Fane, Favemn, and Favem 
are determined solely by the selection of 
the specific sets of functions ¢,7(6), 
ba‘ (8) , ba’""(6), and a’ (0). On the 
other hand, factors V,),’ and W,,,” are 
determined solely by the coefficients pz, 
fq, and zz. Consequently it is possible to 
select some specific sets of orthogonal 


functions for which Fapomn and Fysem are 
precalculated. All that is needed to 
solve a particular problem is then to find 
coefficients p,, 72, and t,, which, at least 
for deterministic inputs, simply amounts 
to carrying out three Fourier expansions. 

Next, these data can be fed into equa- 
tions 13 through 25, or preferably a 
digital computer program representing 
them. The resultis 2, and A, or, respec- 
tively by equations 5, 9, and 16, a Fourier 
series representation of the optimum 
impulse response function, k(t); and s for 
this optimum system. Function A(t) 
represents a linear time invariant system 
realizable in the sense that it produces no 
effect before the cause, because equation 9 
describes such a system. But the solu- 
tion of R(t) is not necessarily a rational 
function or lumped constant realizable. 
This means that for realization, k(t) now 
must be approximated by a physical 
system. For this purpose, standard 
time or frequency-domain techniques can 
be used. Once a rational function ap- 
proximation is obtained, its end-sigma 
error can be evaluated by the general s- 
plane equations of reference 1 or by the 
general t-domain equation 13, where now, 
of course, k, for the approximate lumped- 
constant system is used. A comparison 
with the end-sigma value of the optimum 
system permits an evaluation of the 
quality of approximation. It should be 
noted that equation 13 applies to any 
system. Equation 16 applies only to the 
optimum system. 


Specific Orthogonal Sets 
for Solution 


Precalculated definitions for Wp,”, 
Wave’, VYare, Fave, Favem, and Fovemn are 
given for three sets of orthogonal func- 
tions in Tables I and II (see also Table 
III). The first set are trigonometric 
functions: 


t 
gx(t) = Cr(t) =cos 7X Tr 
O<falke =O) enw (25) 


These functions form an orthogonal set on 
0<t<T, which is complete if L=~o, 
The assumption is that time scale is 
normalized to make T=1. 

The second set used in Tables I and II 
is derived from Legendre polynomials and 
is frequently a logical choice since inputs 
of control systems tend to be available in 
the form of polynomials in ¢. 


zt ; P 
s()=0L)= > Mny(£) 
y=0 


0<i<1,x=0,1,2...2. (26) 
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(jax)? (jxx)? jax 


aa 


| 


pe Geprt hte (-)? 
sgh Mes 1) 4Ei(w) — Ei(u+-w) }+du{ (—1)4Ei(u) — Ex(u+w) } 


tau t—2 
a, ee ((— 1) °Ei (w) — Ex(v+-w)) +60((—1) "Ei (w) — Ex(v + w)) |- 


1-38 
[; HP® ((—1) 4 +E (w) — Ei(u+-o-+w)) tous o((—1)4+ 9, (w) — —Bxtutotw) |} + 


Jn (u-+v) 


1 
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nere the M,, coefficients are defined in 
able IV. These functions form an 
hogonal set on 0<t<T, which is com- 
ete if L=~. The assumption is that 
e time scale is normalized to make 
=a. 
When 7 is infinite an exponential poly- 
bimial? set is useful : 


(t) =6&,(t) =>) yee La 


plete orthogonal set on 0<i< @. Time 
should be normalized for best fit on the 
functions to be expanded. 

Sometimes it is convenient to work 
with some linear combination of the 
functions of these orthogonal sets even 
though these are not orthogonal. For 
instance, if the input ‘r(f) is given as a 
polynomial in ¢ then powers of t could be 
suitable base functions. On the other 


desirable. Such combined use is incor- 
porated in Tables I and II: 


=D abalt) =) | 'Paea!) (28) 
W)= >) "rabe(t)=>)'Ravalt) (29) 
Olay, ‘abalt)= ) Tata! (30) 

(31) 


k(t)= > Fada(t)= > ,Kavalt) 


It has been assumed that the ¢ sets 
are linear combinations of the orthogonal 
¢ sets or vice versa. As an example: 


a 
galt)= > Maavat) (32) 
a=0 
Again, as an example: 
L 
P=), Maa'Pa (33) 
a=a 


These relations are utilized in Tables I 
and II, where in addition to a @ set of 
modified Legendre polynomials a ¢ set of 
simple powers of tf are also utilized. Simi- 
larly, in addition to orthogonal exponen- 
tial polynomials as a @ set, powers of €7‘ 
are also used as a g set. Inputs can be 
expanded on either set and fed into 
Table I depending on what is more con- 
venient. 


A General Input Environment 
Selected for Detailed Study 


A complete step-by-step list of defini- 
tions and steps of computation is given in 
Tables I and II for a general class of input 
environments which include many prac- 
tically important special cases. 

The input environment considered con- 
sists of noise and signal; the desired out- 
put is assumed to derive from only the 
signal input in a prescribed way: 


ada hand, an orthogonal set like Legendre 

OSS TET 2% 27) polynomials will be needed to deal with — uyip— ty yy4 fe(eys(+4(0)'m(t) (84) 

nere the NV, coefficients are defined in random inputs, so a joint use of both of 
able V. These functions form a com- these sets of base functions is somewhat  “(t) = “i(t) + “¢(#)’s(t) (35) 

Table IV. Maz, Coefficients for the Legendre Polynomials 
y 
0 1 2 3 4 5 6 7 8 9 10 

a... ‘nee beer Sen Dias Ona Bie Odes an Uh a One 0 
es. ee ere meee aes Ones rae ee ieee Gone Ones: Ona. Gncrae 0 
a. . 1 SOY Meee BS ee. Cae O15 38 Borie OE és: et Cree ee 0 
oe. . einer tia; 2 * Sots 32. ie CP peite Onkeie Cy. 3 Oe: Ove Onvete 0 
ae —20..... 9025 0:3 —140..... COP Fic Caer Onve. Oana ie Gbuse 0 
=... fe es ae 560.....  —630..... bE ede Oates Gok. dies s Oo ae 0 
a. i ae E08 7880): > 3,150.....  SOF72s.<.. OEY Ue. Oh O26: 0 
fe. —1...,. BBoretes a 4,200.....—11,550..... 00,682. 2} =19)012..... i eae Oak. ee 0 
a. eee ee cae oo FAD nk SOHO. 5 0 90,072... ann aB4, ORAL... 54,480.00, IS, SIO... Oia 0 
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Table V. Nx y Coefficients for the Exponential Polynomials 
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Definitions of the symbols follow. 


1. Notse. The noise *h(t) 4n(t) is derived 
by passing a stationary random function 
jn(t) through a continuous deterministic 
time-varying gain ‘h(t) (which is zero 
outside 0<t<T, where T can be infinite). 
The /n(t) function is the number 7 
member of a stationary random ensemble 
with zero average and a rational power 
spectral density 4nx(s). The stationary 
random process Jn(t) may be correlated 
with the corresponding part, /s(#), of the 
signal through rational cross-power spectral 
densities @sn(s) and @ns(s). The ergodic 
theorem applies to ensemble j, so that 
Pnn(s), Psn(s), Pns(s) are independent of 7. 
The gain ‘h(#) is a member of an ensemble 
of functions, indexed by 7, to which the 
ergodic principle does not apply. 


2. Signal. The signal consists of two 
additive parts of which both or just one 
may be present: 


a. A deterministic set of functions ‘7(t) 
which are indexed by z and which are 
members of the 7 ensemble of func- 
tions. The ergodic principle does 
not apply to this ensemble. 


b. A set of functions *g(t) ’s(¢) which is 
derived by passing a stationary ran- 
dom function %s(¢) through a con- 
tinuous deterministic time-varying 
gain ‘g(t) (which is zero outside 
0<t<T, where T can be infinite). 
The /s(t) function is the number j 
member of a_ stationary random 
ensemble with zero average and a 
rational-power spectral density ®,,(s). 
The stationary random process /s(t) 
may be correlated with the corre- 
sponding part of the noise, /n(t), 
through rational cross-power spectral 
densities ,,(w) and ®,,(s). The 
ergodic theorem applies to ensemble 
j so that ®5.(s), Ben(s), and ns(s) 
are independent of 7. The gain 
49(t) is the number 7 member of an 
ensemble, indexed by 7, to which the 
ergodic principle does not apply. 


38. The Desired Output. It is assumed that 
the desired output is based only on the signal 
and not the noise. 


a. The part of the desired output, “(t), 
which is based on item 2(a) of the 
signal input, can be derived in any 
selected manner from the correspond- 
ing ‘r(#) and is the corresponding 
member of the same ensemble. 

b. The part of the desired output which 
is based on item 2(b) of the signal 
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4. Correlations. 


input, is assumed to be always iden- 
tical to *g(t) Js(t). 


As is apparent from the 


foregoing there are two sets of ensembles 
of functions permitted in this general case. 


a. 


An ensemble of functions h(t), 
‘9(t), *r(t), “4(t), and *p(t), the last 
one being the probability distribution 
of utilization times. This ensemble 
is indexed by 7 and to every value of 
1 belongs one definite specific case 
of all five functions; or in other 
words, this ensemble could be visual- 
ized as an ensemble of a matrix of 
these five functions. The probability 
of occurrence of the number 7 member 
within the ensemble is ‘Q. 

It should be noted that since *p(#) 
is a probability distribution it actually 
represents a third ensemble, an 
ensemble of utilization times, which 
is correlated to the z ensemble in the 
special way defined in this para- 
graph; that is, to every function of 
the z ensemble belongs a_ specific 
‘p(t) probability distribution of the 
utilization times. The five functions 
within the matrix of the 7 ensemble 
may be correlated with each other 
but they are all statistically inde- 
pendent from any members of the 
j ensemble. Averaging over the 2 
ensemble is shown in brief by a 
dashed line over the symbols. 

A stochastic and ergodic ensemble 
consisting of two functions, 4n(t) 
and /s(#), slices of which are sources 
of, respectively, the noise, (*h(é) 
In(t)), and item 2(b) of (4g(t) Js(t)) 
of the signal. This can also be 
viewed as an ensemble of matrices 
of two functions. To each index j 
of the ensemble belongs one specific 
matrix of two functions, which may 
be correlated to each other. This 
ensemble can be described by the 
rational-power spectral densities and 
cross-power spectral densities %,,(s), 
Prn(S), Pan(s), and n(s) which, in 
view of the ergodic theorem, need 
not carry the index 7. Functions of 
the 7 ensemble have zero first mo- 
ments. The 7 ensemble is statis- 
tically uncorrelated with the 7 en- 


semble. Averaging over the 7 en- 
semble is indicated by a dotted 
overline. Averaging over both en- 


sembles is shown by a solid line over 
the symbols. 


The environment described here can 


be recognized as a general one; it is far! 
from being trivial nor does it include onl} 
simple cases. Instead, it permits a hig 
degree of complexity and it includes as 
special cases most practical input environ- 
ments for which the design of time im 
variant linear control systems would be 
required. In fact, the environment as- 
sumed here even includes some time-vary- 
ing systems, an important subclass which! 
can be described by a time-varying gain. 
The solution for the assumed environ- 
ment is carried out in Appendix II on tl 
basis of the relations of Appendix I. 
To help in giving physical contents t 
the foregoing rather mathematical defin 
tions, the case of fire control or homing 
will be briefly considered here. The 
would be signals deriving from intelligent 
maneuvers (in attack or avoidance) of tk 
target which would form deterministic 
ensemble ‘r(¢). There would be randomi 
signals, s(é), resulting from gust-inducedé 
and other random target maneuver 
There also would be random noise inpu 
in(t), from radar and other sources. Al 
these inputs will be subject to essentia 
time-varying gains ‘g(t), *h(#) resulting; 
from the varying range which will be co 
related to or depend substantially on ti 
intelligent target maneuvers, ‘r(é), 
only to a lesser degree on the other inputs 
The probability distribution *p(t) of time 
between lock-on or transition to homing 
and explosion will depend principally 6 
intelligent target maneuvers; ‘r(t). The 
desired output should be the target posi 
tion or its prediction. Unfortunately i 
still would require the equivalent le 
of a full paper to describe the details be 
yond this sketch of the foregoing applica+ 
tions.” Anyone familiar with fire conrol 
or homing problems will recognize a num 
ber of open questions left by this sketch, 
However, it was the purpose here merely 
to tie the foregoing definitions to a phy 
ical situation rather than to show how 1 ) 
apply these to the fire control or homing 
problem. These applications furthe 
more represent just one of many physic 
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pnditions which fall within the selected 
sneral environment. 


jomplete Computation Program for 
i the Selected General Input 
| Environment 


The definitions and the corresponding 
ep-by-step computation program is pre- 
ynted in Tables I and II. These tables 
jere set up visualizing programing for a 
hajor digital computer, and, in fact, they 
ve already served as a basis for such 
jrograming. The tables are self-con- 
hined ; all necessary information is within 
ne tables. As soon as the specific input 
d desired output conditions are estab- 
shed for a system, these can be fed as 
put data, represented by lines 1-4 of 
able I(A) and lines 1-6 of Table I(B), 
to Table I. From here on they are 
ocessed through the operations given in 
etail in Tables I and II leading to the 
psult of the computation: a plot or nu- 
ical table of the optimum impulse re- 
ponse A(t) (line 15, Table II), the value A 
the impulse part of the response (line 
4, Table IT), and the value of the proba- 
ilistic square error (line 16, Table II). 
or facilitating programing each quantity 
function is defined or computed in 
hese tables before it is entered into any 
brmula in the tables, in other words a 
ue step-by-step process is given. 
One hint for efficient programing 
ould be incorporated here. The bulk 
the computation is represented by 
apymn 20d Fagym in Table II. For the 
igonometric case with ten Fourier co- 
ficients (I= L=10) this could take 1 or 
hours running time on a present-day 
laximum-speed digital computer. How- 
er, this need be merely a once-in-a- 
meme operation. The Fagymn and 
apym are dependent only on the specific 
hogonal sets and the practical number 
i those will not much exceed the three 
pnsidered here in Tables I and II. Con- 
equently Fagymn and Fag ym can be stored 
ermanently on magnetic tape. The 
me used up with Fagymn and Fagym dur- 
g the solution of an individual problem 
then merely the sequential (without 
barch) reading time of the tape. Sim- 
atly Wagy”, etc., which depend on the 
ata of the specific problem and which are 
much smaller in number than Fagymn can 
e computed and put in the quick access 
lemory before starting to read the tape of 
lagymn. The fact that many of the 
lagymn are zero permits further savings 
time. Such steps reduce the computer 
inning time for the solution of even the 
ost involved individual problem to the 
der of minutes. 
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Complete programing for the trigo- 
nometric orthogonal set (the most com- 
plete) in TablesI and II requires about 50- 
100 man-hours. This too is a once-in-a- 
lifetime need. After the program is set 
up, merely the Fourier or Taylor coeffi- 
cients and pole and zero locations, describ- 
ing the specific input-output environment, 
need to be introduced into the program 
for an individual solution. This means 
that, given the general program, only a few 
minutes are needed to adapt it to the in- 
dividual case. 

One more remark is needed in connec- 
tion with the tables. In these it has been 
assumed that the power spectral density 
of the noise $,,,(s) is a rational fraction. 
This excludes white noise in the strict 
sense although it can always be repre- 
sented completely adequately in the 
rational form of ®yn(s)=No/(s?— (qi?) 
if q:’’ is selected large enough. It should 
be emphasized that the equations are 
adaptable to white noise in the usual 
sense, but this was omitted in the tables 
for the sake of brevity. 


Illustrative Example 


STATEMENT OF PROBLEM 


What is desired is a system to produce 
the minimum probabilistic square error 
in the following environment. 

1. Probability distribution function is 
independent of the input and it is defined 
by: 

il 
as [u(t) —u(t—2)] (36) 
meaning uniform probability of utiliza- 
tion of the output between ¢=0 and f=2, 
zero probability of utilization outside 
these limits. 

2. The input signal consists of two 
components: 

a. A deterministic input: 


rt) =u(t) [1 +7] (37) 


b. A stationary random signal with 
a power spectral density of: 


84.4 


(2.25 —s?)(4 —s?) CS 


Bs5(s = 
which acts upon the system without 
modification, 0<f<2, that is, through a 
gain of: 


19(t) = u(t) —u(t—2) (39) 


3. Input noise consists of a stationary 
random function with a power spectral 
density of: 


168.8 


(9 —s?)(16 —s?) (40) 


Pnn(s) = 


which enters the system without modifi- 


cation, 0<t<2, that is, through a gain of: 
1hA(t) =1g(t) =u(t) —u(t—2) (41) 


4. Correlations are absent between 
the two random inputs (®y5(s) = Psn(s) = 
0) and between the random and deter- 
ministic inputs. The 7 ensemble has 
only one single set of functions 4(2), 
'r(t), g(t), and 4h(t) which have proba- 
bility unity: 
10=1 ‘O=0ifi¥1 

5. Desired output is identical at all 
times to the sum of the deterministic and 


the random parts of the signal input ex- 
cluding noise. 


(42) 


SELECTION OF ORTHOGONAL SETS 


The first step toward solution is the 
decision on the use of one specific orthog- 
onal set. Since p(f)=0 for #>2 it 
appears to be desirable to select an 
orthogonal set over the finite interval 
0<i<1, that is, either trigonometric or 
Legendre functions if Tables I and II are 
to be used. Should r(é) be a higher-order 
polynomial, it might be advantageous to 
use Legendre polynomials. Since, how- 
ever, 7(f) is only first order, trigonometric 
functions will be used because they tend ~ 
to give better fits. 


NORMALIZATION OF TIME SCALE 


Since the trigonometric set, as used in 
Tables I and II, is defined on the interval 
0<t<1, the time scale will be changed in 
the above specifications so that 7=2 on 
the old scale will now coincide with T=1 
on the new. This modifies the specifica- 
tions to: 


1p(t) = [u(t) —u(¢—1)] (36A) 
Ir(t) =u(t)[1 +21) (37A) 
672 
= A 
Pals) (5 = 6s") oe 
1,344 
een at A 
Fan(s) (56 —s2)(64—84) ee 
1g(t) = *h(t) = [w(t) —u(t—-1)] (40A) 


Input DaTA TO TABLE I Now PREPARED 


First, decision is made on the length of 
the Fourier series representations to be 
used. Selected is: 


L=12 M=20 (43) 


Now it is necessary to determine from the 
above specifications of the problem the 
quantities going into lines / through 7 of 
Table I(A) and lines 7 through 8, Table 
I(B). Lines 1 through 4 of Table I(A) 
and lines 1 through 6 of Table I(B) refer 
to data to be directly taken from the 
specifications of the problem, whereas 
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lines 5 through 7 of Table 1(A) and lines 7 
and 8 of Table I(B) represent preliminary 
computations to be performed for the 
individual problem from its specifications 
before starting the machine computa- 
tion. 


Quantities, Table I(A) 
Line 1: 


*y(t) = u(t) [1+ 24] 

from equation 37(A). 

Line 2: 

14(t) = 7(#) = u(t) [1 +22] 
from statement of problem. 
Line 3: } 


‘p(t) = [w(t) —u(t—1)] 
from equation 36(A). 
Line 4: 


from equation 42. 


Lines 5 and 6, by Fourier expansion of the 
functions given in lines 1 and 2: 


%o =o = 2.000000 

4, =17, =0.810569 

4, = 12 =0.000000 

13 = 13 =0.090063 
44=174=0.000000 
45=15=0.032423 

te =7e=> 0.000000 

a4 =17 = —0.016542 
43 = 13 =0.000000 
49=179= —0.010007 
419 = 719 = 0.000000 
441 =? = 0.006699 
hig =.= 0.000000 


Line 7, by Fourier expansion of the function 
given in line 3: 


Po = 1.000000 
pi=0.000000 if 1< i £12 


Quantities, Table I(B) 


Line 1: 
10} = 
\ 2 
29.8 
o 2 
a 
i 0.6 - 
ro} 
° A 
uU 
S04 - 
ro) 2 
= 
& 0.2 - 
oo 2 
o- 
ry 5 10 15 20 
ORDER OF HARMONIC 
Fig. 1. Fourier coefficient of optimum im- 


pulse response 
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19(t) =u(t)—u(t—1) 

from equation 40(A). 

Js(t), specified in line 6 through ®ss5 
Line 2: 

1n(t) = u(t) —u(t—1) 

from equation 40(A). 

jn(t), specified in line 6 through nn 
Line 3: 

a(t) = 1g(t)’s(2) 

from Table I(B). 

Line 4: 

‘p(t) = [u(t) -—u(t—1)] 

from equation 36(A). 

Line 5: 


from equation 42. 


‘Line 6: 


672 


235 ——— 
*(9—s?)(16 —s?) 
from equation 38(A). 


panera 1,344 
(36 —s?)(64—s?) 

from equation 39(A). 

Don = Pns(s) =0 

no we! or we" present 


qg=—-3 g@' =+3 B'=672 H'=4 


q@=—4 qi=4+4 


ga’ =-6 gt =+6 BY =1,344 HH =4 
qi = Lg qi= 48 
Line 7: 

K,"=16 K,'’=—16 

Kj=-12 K/=+12 

Ky=4+4 Kjv=—4 

Kee 3 Kv= +3 

Line 8: 
‘go=1 'g2=0 470 
from equation 40(A). 


o=1 hAz=0 x40 


Results of Example 


At this point the IBM (International 
Business Machines 
takes over and in short order the results 
appear: 


Minimum end-sigma error: s=0.8567 
Impulse part of the response: A=0.9571 


Fourier coefficients of the continuous 


Corporation) 709 


part, &-(#), of the impulse response for the 
optimum system: 


ko= +0.01908 
ky = —0.19435 
ky = —0.32922 
ks = —0.38183 
k= —0.37539 
k= —0.34687 
ke = —0.30923 
ki = —0.27329 
ke= —0.23716 
ko = —0. 20527 
kw = —0. 18201 
ky = —0.15777 
kig= —0. 13243 
kus = —0.05770 
ku= —0.02594 
kis= —0.01758 
kis= —0.01404 
ki = —0.09945 
kis= —0.08963 
kis = —0.06394 
ko = —0.06098 — 


The Fourier coefficients including those 
belonging to the impulse A are graphi 
cally shown in Fig. 1. While this spee 
trum cannot, strictly speaking, be d 
scribed as a frequency response, still it is 
of a similar nature. In this sense Fig. 1 
represents a partial band suppressior 
filtering effect. 

The continuous part of the impulse 
response of the optimum system as a 
function of time, &,(#), is shown in Fig. 2. 
This curve can be approximated quite: 
well by three exponentials as also shoy 
in Fig. 2 by curve &,(#). Considering 
that the waviness of &,(#) is actually ai 
Fourier ripple, the approximation is seen 
to be quite good. 


Fig. 2. Optimum impulse response, k.(t), 

approximation, ke(t), response cu(t) to 

step function u(t) and response ca(t) to 
terministic input 4(t) 
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| The equation of curve &,() is: 


e(t) = 1.087424 35 33-45-00 4 


31.00e-"-"’ (44) 


o that the approximate optimum trans- 
ler function including the impulse: 


Pc U.08) 985.83 2) 31.00 
s+4.24 $445.9 ' 5455.1 

0.9571 (45) 
8.883 10-s?+9.047x 
10-%s2—1.845X 108s +1 


9.325 10~*s8 +9. 814x 
1078s?+-2.28210-2s+1 


(s) 


=1.00 


From k,(t) and A the response to a unit 

tep u(t) is easily obtained by numerical 
tegration and it is shown as curve c,(f) in 
ig. 2. Similarly the response c,(t) to 
he deterministic part of the input of the 
xample, 7(f), is obtained by numerical 
onvolution with k,(t) and is also plotted 
nm Fig. 2. 
In reviewing these last two response 
es it should be borne in mind that 
hat is designed here is not a system that 
yives Optimum response to a step input or 
even the deterministic input !7(¢) by it- 
self. Rather, this is a system which gives 
»ptimum response on the average to the 
deterministic input 17(#) and the random 
signal input s(/) in the presence of noise 
(t). Also the noise conditions of this 
example are very severe since the noise 
power nearly equals the total signal 
Dower with the noise bandwidth not too 
significantly different from the signal 
bandwidth. Yet the accomplished opti- 
num filtering is quite effective, about an 
brder of magnitude reduction in mean 
square error, from 8.0 without filtering to 
>= 0.86 with filtering. 


onclusions 


A complete design process is intro- 
duced to obtain the impulse response func- 
ion of the continuoustime invariantlinear 
system which has the smailest average 
Square error for such times when its out- 
put is used. To solve problems of a 
omplexity common in control-engineer- 
ng practice it is necessary to utilize major 
digital computers, and the paper presents 
1 the necessary equations in an organ- 
zed form for the programing of the 
omputers. An example is given illus- 
trating the use of the equations and the 
programs prepared from the equations. 
This example is carried to the deter- 
mination of an approximate optimum 
Laplace transfer function. In a com- 
panion paper? a corresponding design 
process is introduced for sampled sys- 
fems. 
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Appendix | 


Substituting equations 2 through 9 into 
equation 16 there results equation 13 with 
the following definitions: 


f= Yii(0,0) = ¥(0,0) (46) 
f’=y'(0,0) (47) 
f’=y'(0,0) (48) 
fim’ HST dtybm(t)o'(tytr) (49) 
fm” =S0 dtidm( tw" (tut) (50) 
Sinn” =So dtm t So dtsdné te) x 
W'(titi—t) (51) 
Defining: 
Vad. = Patote (52) 
Wana’ = Parote (53) 
Wane” PEF (54) 
and 
Favom=So dtsbmn( rs) Sth alts) X 
$o(ti—ts)bc(t)dt, (55) 
Favemn = Sv dtsdm( ts hae dtapn( te) x 
SG dtrbalty)40(h —ts) bel br) 
if St; (56A) 
Favemn = Sv dishmlts)So” dtrbn( te) X 
Sa dt, pal ti )bo(ti —te )be(ts —ts) 
iff2t; (56B) 


Using the definitions of equations 52 
through 56(B) and 2 through 8, equations 46 
through 51 are transformed into equations 
19 through 24. 

It is now assumed that °A is the strength 
of impulse and 


he(t)= >, Rndn(t) 


is the continuous part in the impulse re- 
sponse of the system which is optimum in 
the sense of having the smallest end sigma 
error among all invariant linear systems: 


°k(t) =°Ad(t) +ke(t) 


=°Aa(t)+ >, kndn(t) (57) 


Further, €A is an arbitrary constant and 
k(t) =ZRndn(t) are arbitrary functions on 


n 
0<t<T, for which *k,(0)=*k,(T)=0. Then, 
any invariaut linear impulse response of the 
form of equation 5 can be expressed for 
O<t<T as: 


R(t) =°Ad(t) +), kndn(t) tero(t) + 


a) _kndn(t) (58) 


nN 


with e, and e arbitrary parameters. 

Substituting equation 58 into equation 13, 
a necessary condition of equation 57 repre- 
senting the optimum system is recognized 
as: 


=0 (59) 


«=0 
G0) 


From simultaneous solution of these last 
equations considering that «A and ‘ky, are 
arbitrary, there results equations 14 through 
18. 
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With the definitions and notations of 
Table I as explained under ‘‘A General 
Input Environment Selected for Detailed 
Study” the input and desired output can be 
written respectively: 


In(t) = 'r(t) + 'g(t)s(t) + *h(t)’n(£) (60) 

Na(t) = *i(t) + *e(t)’s() (61) 

and by Taylor expansion: 

OLE # (62) 
(63) 


‘h(t)=)) that” 
x 


The base functions $q/(@), da!"(@), da!"(8), 
and ¢/"(@) in equations 6-9 will now 
be assumed to form complete ortho- 
normal sets on O<i<7T. Then, in the 
manner of equation 12, the coefficients of 
equations 6 through 9 can be expressed as: 


"“ba="ba (64) 

iy, = ing +)> ‘ge!so t+) ‘ha’ nw (65) 
z zx 

Ny = “iy +>) ye (66) 
Zz 

where, in general: 

ty, = SF *u(8)4,(0)d0 (67) 

dye = So" 40(9)0"b:(0)d0 (68) 


Index / of equation 12 has been replaced by 
1j since the general ensemble / includes both 
the 7 and 7 ensembles of the present problem. 
Now, if the probability of function 7 within 
the 7 ensemble is ‘Q and the probability of 
the function j within the 7 ensemble is /Q, 
then, substituting equations 64-66 into 
equation 54 and replacing, respectively, 
subscript 6 by c and x by y where it is 
necessary to keep the indexes of two terms 
in a product separate: 


2 2 ihe, Oe 
2» » (Dalbaly (rtanttye) 


where assumptions made under ‘‘A General 
Input Environment Selected for Detailed 
Study” regarding statistical correlation or 
statistical independence of the various com- 
ponents have been considered, as well as the 


(69) 
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fact that functions of the 7 ensemble have 
zero averages and where the dashed line de- 
notes averaging over the 7 ensemble and the 
dotted line denotes averaging over the j 
ensemble, so that, for example: 


(70) 


(71) 


Up to this point no use was made of the 
assumption that the 7 set is stationary and 
the ergodic principle applies to it. Conse- 
quently, it is necessary now to further ex- 
plore the terms of the type of equation 71, 
that is, the last factors in the right-hand side 
of equations 69, 72 and 73. From equation 
68 and 71: 


I 
ST te! Is(ts)Ge!(t2)dt, (74) 


Interchanging integrals and summations: 


$el(te) >, 1Q%s(t)’s(t2) (75) 


but 


ges(to—th) = >, 70%s(ts)’s(t2) (76) 
gy 


where ¢s3(f2—4) is the autocorrelation func- 
tion of the signal component /s(¢) which can 
be obtained from the power spectral density 
by inverse Fourier transformation: 
»j CO 

®g5(s)e7ds 


—jo 


1 
os3(7) oe 


= 5, Resapt [®s5(s)e°7] 
ul) 
>> best Resa! [Bs5(s)] 
5 
= oy oe 
n 
where the notations are explained in lines 
6-10 of Table I(B), except: 
1 if 7>0, Re [g,]<0 
er SO en ldnle>O 
0 720, Re 14a,|>0 
0 7<0, Re [qy]<0 


Re (78) 


Then: 


Equation 79 establishes the pattern for al 
the averages over the j ensemble contained 
in equations 69-75 whether they refer to 
the residues of a power spectral density ora — 
cross-power spectral density. 
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Design of Sampled-Data Control Systems 
for Minimum Probabilistic Error 
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HE “PROBABILISTIC ERROR” or 

“end-sigma etfror,’”’ meaning the 
average penalized error for such times 
when the output is actually being used, 
has been proposed as a measure of control 
system performance in an earlier pub- 
lication.!. A companion paper? presents 
a complete design process to find the 
time invariant continuous linear system 
which possesses the minimum proba- 
bilistic square error in a given environ- 
ment of random and deterministic signals 
and random noise. A corresponding 
design process is presented in this paper 
for impulse-sampled systems. The result 
of this design is a linear digital filter to 
be used with a given plant in order to 
keep the probabilistic square error to a 
minimum, Working equations are pre- 
sented, which were developed with 
digital computer programing and solu- 
tions in mind. Such solutions can be 
obtained for very general signal input and 
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J. W. DIESEL 


ASSOCIATE MEMBER AIEE 


noise environments. However, the pro- 
posed method works best when the output 
is being utilized within a time interval 
including a nonexcessive number of 
samples. 

In addition to the design process of a 
minimum end-sigma error filter, the 
paper also contains an s domain expres- 
sion for evaluating the end sigma error 
of a given linear system. The latter can 
be used for any length of time within 
which the output is to be used. 


Some General Aspects of the Method 


Probabilistic square error has been 
defined :1 


Ll —_——. 
= P(t)e*(t)dt (1) 
0 


where p(t) is the probability distribution 
of all times when the output is used, and 
e(t) is the error of the control system. 


T can be infinity if the output may be © 
used over all times. ‘S is the end sigma 

In both the methods presented in this 
paper, error e(¢) is defined continuously 
not just at the sampling instants, as the — 
difference of the desired output 7(é), 
and the actual output c(f). The actua 
output c(t) is assumed to be produced 
by a type of system sketched in Fig. 1) 
Here G(s) is a linear and fixed plant of 
known transfer function; H(s) is a fixed 
linear and continuous filter; and D*(z) 
is a digital type filter, the target of 
optimization. The two impulse sampler: 
are assumed to be synchronized with a 
sampling interval of T,. ¥ 

An s domain expression for end 
sigma has also been obtained! for 
deterministic input 


s= Him £2-M.P( —s)((E(s)°A(s))] (2 


where £27! means the two-sided inverse 
Laplace transform and the ® denotes 
complex convolution. E(s) is the La 
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r(t) oO e,(t) 


| R(s) CY E(s) 


| 


; 
| 
| 
Fig. 1. 


Jace transform of the error e(t). P(s) is 
ie Laplace transform of p(é). 


tDomain Evaluation of End-Sigma 
Error 


Equation 2 can be restated as 


=>) Reser» [P(—s(E(s)®E(s))] (3) 


Ihere > Resp,_y[ ] means the sum of 
he residues of the expression in brackets 

all poles of P(—s). Inherent in 
yuation 3 is the assumption that all 
mgularities of ‘P(—s) are in the right 
alf s plane to the right of some positive 
Dscissa of uniform convergence, a, and 
1 singularities of E(s)®E(s) are to the 
ft of the abscissa of uniform con- 
ergence a. This assumption will tend 
> be automatically satisfied for all 
tual cases since ¢=0 is the time of 
tivation so that all errors and all times 
output utilization lie in positive time. 

ther, p(t) being a probability dis- 
ibution: lim p()=0 so that P(s) 


t=oa 
as no singularities on the axis of imagin- 
ies. Note that the foregoing restric- 
ons admit all stable control systems 
nd many unstable ones. 


It is not necessary to assume that 
(—s) is a rational function, although 
must be single valued and it must 
pproach 0 when s is approaching 
ifinity. Generally it will be convenient, 
owever, to express P(s) as a rational 
metion, potentially by expanding p(t) 
er a set of orthogonal exponential 
olynomials* which transform into 
ational partial fractions. By the latter 
rocess all unstable linear systems can 
= also included along with the stable 
ne if the exponential, powers of which 
re forming the polynomials, is selected 
) be e”' with b>a, where a is the abscissa 
f uniform convergence for E(s) in the 
plane. So it will be assumed for the 
sst of this discussion that P(—s) is a 
ational fraction 


v(t)! 1. 
E*(z) 


e;(t) 
E>(z) 


c(t) 


G(s) C(s) 


Block diagram of system 


and further 

B(qi)=0, A(qi)¥0, B’(qi) 
dB(s)| ; 
— 40, 72=1,2,3...J7 (5) 

ds s=qi 


all gq; different, all poles of first order. 
Again the latter assumption is not 
necessary but convenient. 

Now with reference to Fig. 1 


C(s) = G(s)Ea*(z) = G(s) Ki*(2)R*(z) (6) 


Ae D*(z) 
Aa) 15 Da) CRMs) 0 


and the transform of the error is 
E(s)=I(s)—C(s) (8) 


if I(s) is the transform of the desired 


output. Further, the notation is intro- 
duced 
X(s) = E(s)°E(s) (9) 


which in Appendix I is reduced to 


X(s)= >, Rese[z-! IT*(z,s) — 
Ky*(z)R*(z)GI*(z,s5) ~ 
Ky*(6 Ps) R*( 82-1) 1G *(z,5) + 
Ky*(2)Ki*(e""s-)R*(z)R*X 


(e"*z-1)GG*(z,s)] (10) 


where » Res, is the sum of the residues 
in the z plane of the expression following 
Res, at all singularities located within 
the circle around the origin of the z plane 
with a radius of e*7*, Here a is the 
abscissa of uniform convergence for E(s) 
in the s plane and 7, is the sampling 
interval. Further, as an example 


GI*(z,s)=Z,[G(v)I(s —v)] (11) 


where Z, means the zg transform of the 
expression in brackets with z being 
defined as z=e””, The variable s is to 
be treated as a parameter. The meaning 
of other notations in equations 6-11 is 
the conventional one of the extensive 
z-transform literature. Substituting into 
equation 3 


Note that X(s) need be evaluated only 
at specific values of s. 

The end-sigma error can be computed 
from equation 12 using definitions of 
equations 4-11 for any rational G(s), 
H(s), D*(z), R(s), and J(s) regardless 
of stability if p(t) is expanded on ortho- 
gonal polynomial exponential functions.* 


JLLUSTRATIVE EXAMPLE 

The following case, highly simplified 
for brevity, will be discussed. 

A plant of transfer function 


Ome (13) 


stl 
is to be incorporated into a loop with a 
digital filter to yield zero error at all 
sampling instants after the first two. 
The input is 


r(t)=1+2t (14) 
The desired output is 
a(t) =r(t) (15) 


The probability distribution of times of 
utilization of the output is 


Bt) =(e =e") (16) 
The sampling interval is 
Ts=1/3 (17) 


SOLUTION 


First the necessary z transforms are 
found by conventional techniques 


G*(z) =GH*(z)= (18) 


1 =eatewts 


(lames )\(229' 22) 
(1-271)? 


D*(z)= (19) 


This latter can be found‘ from the con- 
dition of zero error at the sampling in- 


stants after 2/3 seconds. Then from 
equation 7 
Ky*(z) =(1~271e71/8) (22-1 —2-?) (20) 
Further 
1 —0.3333271 
= 21 
R*(z) Q—s-12 (21) 


Now with equations 11, 13, 14, and 15 and 
the residue theorem 


tes) aze v+tl1l]|s—v (s—v)? 


s—v+2 
re\eae oh 


SR eRe! 1 
- Qaj a (u—s)%(u+1) 1—s-1e""s 
27[5(3e78/8 — e/3) 4-(e-, —7el/8)] + 


du 


|  4(9:) a ts(Be P85) +(9e2*/9—11)] 

a ee) (4) s=— BY(qi) X(qi) (12) 3e/8( el/8 —2-1)( 84 —g-1) (5-41)? 
*’ Bs) i=1 (22) 
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Similarly, 


1 
* — x 
a Perescrecrol 
{2-2[s2(3e25/3 —8e5/8 —3) +-5( 1267/3 — 


1665/8 —12) +(24e%*/8 —24)]+ 
(gz +273,8/3) [s2(5 = é§/3) + 
s(16 —Se*/3) +(24 —24*/8)]} 


IG*(z,s)= 


(23) 


1 |x 
3(s+1)2(1 —272e8 +P /8)(1 —2-1)? 
{2-l[s(5—Be@ 40/8) 4.11 —Q¢(S +08) ] 4 


2-*[s(<+P!8—3)4+(7e8+Y/8—9)]} (24) 
GG*(z,s)= 
Geaamaawam & 
Now from equation 161 
een) gmonie day 
So 
= +0.5 
g=+1 (27) 
and then with equation 12 
= Le X(0.5)-Fe X(1) (28) 


Equation 26 defines A(s) and B(s). 
Further, by equation 10 


1 
X(0.5) =) re| 


(29) 
[ —0.096632 --0.74562° —2.2733z4+- 
8.448125 —2.69522?+ 1.04062 — 
0.1593] =4.550 


1 
xc.=) [res cam | 


[ —0.075342° +0.66302 —2.2738z4+ 
3.78932° —3.17383822+1.29138z— 
0.2048] =1.136 (30) 


To calculate the residues in these sums 
the path of integration can be any circle 
with radius ¢’” where 0<a<0.5, so no 
residues are to be found for poles outside 
this circle. 


Finally, from equations 28-30 


s=3.414 (31) 


This indicates that, although after 
the second sampling instant the error 
is zero at the sampling instants, end 
sigma is still quite large. The reason 
is that end sigma, the average square 
error for such times when the output is 
used, includes the error building up 
between sampling instants, and this is 
substantial for the simple system se- 
lected for the example. In fact, the error 
just preceding the mth sampling instant 
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is easily shown to be (1+2nT,)(1—1/ 
4/6) =0.28(1+2nT,); about 28% of 
the output and linearly increasing with 
time. 


t-Domain Evaluation of End-Sigma 
Error and Finding Optimum 
System Under End-Sigma 
Criterion 


Applying the general definition of the 
end-sigma error, as given in equation 1, 
to a sampled-data system of the type 
shown in Fig. 1, it reduces (Appendix IT) 
to a form 


s=f—2 >) kilmTs)fm+ 
D> dS bnTs)ka(nTsfnn (32) 


and for the optimum system the following 
condition equation results: 


a n=0),1,2. 20 
[fmolex(nTs)] =fml ho 9'y’5 ay 83) 
where 
f=Wii(0,0) =So 'p(t)'(t)dt (34) 

M 
fm=WVig'(0,m)=>_X 
w=0 
((u—m)Ts) So 'i(t)g(t —uTs)"p(t)dt 
(35) 


""((u—m)Ts)'r((v—n)Ts)X 


So? e(t—uTs)e(t—vTs)'p(t)dt (36) 


Here 'r(t) is the number 7 member of 
the ensemble of inputs to the control 
system, 'z(¢) is the corresponding desired 
output which need not be identical to 
the input and, ‘p(f) is the probability 
distribution of times when the output 
resulting from an input of type 'r(t) is 
used.! g(¢) is the inverse transform of 
G(s), that is, the impulse resporse of the 
fixed continuous plant. The bracket 
indicates averaging over the ensemble 
indexed by J. ki(mT;) is the inverse zg 
transform of K,*(z) in equation 7, In 
equation 32 k(mT;) means the sampled- 
impulse response for the general system; 
in equation 33 it refers to the same 
quantity for the optimum system. T, 
is the sampling interval; m, n, u, v are 
numbers of individual sampling instants. 
T= MT, is the duration of output utiliza- 
tion, that is p(f)=0, t>T. 

The optimum system is readily ob- 
tained by inverting matrix equation 33, 


ki(nTs)] = [fn] ~ fm] (37) 


“e 
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and using this, equation 32 for the: 
optimum system reduces to 


s=f-)) ki(mTs fm api (38) | 


As in the case of continuous system 
it is found to be advantageous to employ ; 
expansions of ‘p(f) and '7(é) like 


L : 
‘(t= >, Pabal(t) (39) 
a 4 
“i(t) = isdbs!"(t) (40) 
6 


These can be either Taylor or Fourier : 
series as explained in reference 2. With} 
these assumptions the elements of the 
matrix take the form (Appendix IV). 


L L L q 
f=) > ve Tate Fate (41) } 
a 6 € 
Mix dite Is 4 | 
fm= 5 Dy Dy Yanna’ Fas! (42) 
6 


p=m o@ 


faae Sian m)(y—n) U Rreesig\ (43) 


w=mMv=n @ 


Again there is an important similarity 
to the case of the continuous system. Of} 
the two factors in equations 41-43 the! 
last (Fase, Fos’, and Fay,”) depend om 
the specific selection of the base functions } 
ga'(t) and ¢,"(¢) in equations 37 and 38} 
and on the G(s) transfer function of th + 
fixed part of the system, G(s) in Fig. 1 
These factors are independent, however, 
of the specific input environment. On 
the other hand, the first factors (Wasa 
Varu-ms, and WVacu—m)(v—n)”) depend 
essentially on the specific input environ- 
ment. Consequently, as in the con 
tinuous case, it is possible to precomput 
the F factors for a given system and us 
the W factors to represent specific inpu 
conditions. Beyond this over-all simit 
larity there actually are significant 
differences in the details. Notably the 
F factors depend only on the selected q 
sets for the continuous system but hell ; 
also depend on the fixed plant for the! 
discrete one. } 

The final result of the design should 
be the transfer function or program 
D*(z) of the digital filter. 
tion 7 


| 
| 
{ 
| 
j 


k 


From equa- 


Kyi*(z) 
1—K,*(2)GH*(z) 


Now G(s) and H(s) represent the fixed 
part of the system. Consequently 
GH*(z) would be known either as a. 
rational fraction or as a series with a 
terms known. 


GH*(z) =gh(0)+gh(Ts)z—1-++ 
gh(2Ts)z-2+... (45 


D*(z)= (44) 
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the other hand, in the series of K,*(z) 


*(2)=hi(0)+ki(Ts)a+... + 


ki(MT;)z ™ (46) 


ily the first /+1 terms are defined by 
uation 37. Consequently, only the 
t M-+1 terms of D*(z) can be found 
pm equation 44. True, the rest of the 
rms are inconsequential since it has 
en assumed that p(f)=0 if t>MT,, 
at is the output is not used beyond 
Par. Let 


(z)=d(0)+d(T;)z-!+...+ 


d(MT;)z ™ + (47) 


Then after substituting equations 45-47 
0 equation 44, multiplying through by 
denominator of equation 44, and 
uating coefficients of like powers of z 
both sides 


)(1 —#x(0)gh(0)) = ki(0) 


d(0)(Fi(0)gh( Ts) +ka( Ts)gh(0)) + 
d(T s)(1—ki(0)gh(0))=Ai(Ts) (49) 


d(0)(ki(0)gh(2Ts) +hi( Ts)gh(Ts)+ 
k(2Ts)gh(0)) 


Q(T s)(ki(O)gh( Ts) +hi( Ts)gh(0)) + 
d(2Ts)(1 —ki(0)gh(0)) = ki(2Ts) 


(48) 


(50) 


e continuation is obvious, and so is 


“™) in equation 47 can 
found one by one from the successive 
uation of 48-50. 

There only remains finding a rational 
tion D*(z) which has an expansion 
first MZ terms of which are now de- 


_ bo td's td's Pr... +d re ae 
CA ee 2 a Pa 
(51) 


M=M'+M", and an M” value is 
ected, then equations 47 and 51 
termine all coefficients in equation 51, 
rough the M-+1 simultaneous linear 
uations: 


=d(0) (52) 
=d(T.)+d(0)d,” (53) 
=d(2Ts)+d(Ts)d:"+d(0)d2” etc. (54) 


ie D*(z) transfer function defined in 
manner is realizable as a linear 
ital filter program® although it is of 
potentially higher order than is desir- 
le. 

In the latter case, approximations 
lower order can be substituted. The 
tality of such approximations can be 
served by finding their probabilistic 
ror from equations 12 or 32 and compar- 
¢ it with the probabilistic error of the 
timum system, equation 38. 


Ay 1960 


A General Input Environment 
Selected for Detail Study 


The same general input environment 
is selected here for finding the optimum 
sampled data system as was selected in 
the companion paper? for continuous 
systems. The advantage of this selection 
is that it is very broad so that it includes 
as special cases many practically im- 
portant environmental conditions. The 
environment is described by the equa- 
tions 


Trt) = "r(t) +4q(t)’s(t) + H(t) n(t) 
V(t) = a(t) +g (t)’s(t) 


(55) 
(56) 


The input defined in equation 55 con- 
sists of a deterministic input ‘r(t), a slice 
of a random-signal input /s(¢) through a 
time varying gain ‘g(#), and a slice of 
random noise ‘n(t) through another time 
varying gain ‘h(t), The part of the 
desired output, “7i(#), deriving from the 
random part of the input signal ‘g(¢)/s(#) 
is assumed to be identical to this part of 
the input. However, the deterministic 
part of the desired output, ‘i(#), can 
derive in any arbitrary way from ‘r(#), 
the deterministic part of the input. 
The basic definitions of this assumed 
environment are summarized, lines 1-4, 
in Table I(A) and lines 1-6 in Table I(B). 
In the companion paper? the details of 
this input environment are discussed at 
length. 


Complete Computation Program 


The definitions and the corresponding 
step-by-step computation program are 
presented in Tables I and II. These 
tables were set up visualizing program- 
ing for a major digital computer, and 
in fact they have already served as a 
basis for such programing. The tables 
are self contained; all necessary informa- 
tion is within the tables. As soon as 
the transfer function of the fixed plant 
part of the system is obtained and the 
specific input and desired output condi- 
tions are established for a system, these 
can be fed as input data (represented by 
line 2 of Table IT; lines 1-7 of Table I(A) 
and lines 1-7 of Table I(B)) into Tables 
I and II. From here on they are 
processed through the operation given in 
detail in Tables I and II leading to 
the results of the computation: a numeri- 
cal table of the optimum impulsive re- 
sponse ki(mTs) (line 12, Table ID), 
and the value of the true mean square 
error (line 14, Table II). For facilitat- 
ing programing each quantity or 
function is defined or computed in these 


tables before it is entered into any 
formula in the tables, in other words, 
a true step-by-step process is given. 
The structure of the tables very closely 
parallels those presented for continuous 
systems. This is not surprising since 
the same input environment was selected 
in both papers. Nevertheless, there are 
some important differences in the details 
most of which can be traced to two 
principal causes: 


1. The system considered here is sampled. 
As a result, data of the samplers must be 
introduced (lines 5-7, Table I(A)). Values of 
some functions at individual sampling 
instants (e.g., [(mT;) or Q(mTs)) are used 
in the computation in addition to the 
Fourier or Taylor coefficients (e.g., 7g or 
Qz) of these same functions. The latter 
exclusively are used in Table I and II of 
reference 2. 


2. In contrast to reference 2 the system 
considered here has two fixed plants, 
G(s) and A(s) (Fig. 1) within the loop. 
Consequently the data of this transfer 
function G(s) H(s) must also be introduced 
into the computation (line 2, Table II). 
Furthermore coefficients Fayy” and Fas,’ 
are in turn products of three factors (lines 
6 and 7, Table Il). The ©® factor (with 
appropriate subscripts) is a function of the 
selected orthogonal sets only and accord- 
ingly can be precalculated on the basis of 
its defining equations (lines 4 and 5, Table 
III). The other two factors Gx or Gy are 
Fourier coefficients of the impulsive re- 
sponse of the fixed plant. 


Finally, Tables I and II of this paper 
give the computation process for 
only two sets of base functions, both 
defined on a finite interval 0<i<T. 
This is because the assumption of finite 
duration of output utilization (p(t) =0, 
t<T) is inherent in the method developed 
to deal with sampled systems, while this 
restriction was absent in the continuous 
case. The two orthogonal sets (trigono- 
metric and Legendre polynomial) are 
defined in the headings of Table I(A). 
More details about these are given in the 
companion paper.? In spite of these 
minor deviations of detail the entire 
structure and the method of using these 
tables parallels the case of continuous 
systems? so closely that the use of these 
tables is believed to be adequately illus- 
trated by the extensive example given 
in reference 2. Accordingly, no addi- 
tional example will be included here. 


Conclusion 


Two ways are explored in this paper 
to measure the performance of sampled 
data control systems by their probabi- 
listic error. 

The s-plane approach permits the 
evaluation of the probabilistic error for 
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fy error sampled feedback system con- 
sting of a linear fixed plant and a 
jalizable® linear digital compensator. 
js presented here the s-plane method 
permits finding a system yielding mini- 
jum deterministic error only by cut 
nd try. However, this method is ap- 
Peele whether the duration of output 
Hilization is finite or infinite. This 
jethod is useful for deterministic inputs. 
|The time-domain approach produces 
pth the value of the probabilistic error 
gt a given linear system.and the design 
a linear digital compensator or filter 
i produce minimum mean-square error 
jith a given plant. Complete working 
uations are presented for obtaining on 
} digital computer the design of the 
optimum digital filter for a very general 
jass of input environments. This design 
| applicable to cases where the duration 
output utilization is finite and pref- 
ably includes a limited number of 
umpling instants. On the digital com- 
ter solutions are obtained in a matter 
minutes. Hand computation by this 
ethod is not visualized. 


Appendix | 


(s)=Xi(s)+-Xur(s)+Xrds)+Xre(s) (57) 
here 
gS) =I(s)*I(s) 
b+jo 
ae ion I(w)I(s—w)dw (58) 
aad b+j 2 
ir(s)= Rete) 
1 b—jo 
R*(e""5)G(w)I(s—w)dw (59) 
BST D+J 
=F [BME 
: 21] See 
R*(o-”75)G(s—w)I(w)dw (60) 


1 b+7 
rr(S)==—, ei x. 


Ge OR +( eo eyR area ey x 
G(w)G(s—w)du (61) 


here 0 is to be selected to the right in the 

plane of any singularities of functions of 
nly w within the integrals; s is to be 
plected so that all singularities lie to the 
ight of 6 for any function of (s—w) within 
ne integrals. Equations 58-61 can be 
educed by an application’ of Poisson’s 
immation formula. Equation 59 will be 
iscussed as an example; the other three 
re quite similarly handled. The infinite 
itegral in equation 59 can be broken up 
ito sections as follows 


o+7 Peet 


are i E, ales —nyaeua) 


Leerepeats 


Ko*(eT8)R*(€°")G(w)I(s—w)dw (62) 


[ay 1960 


Q= (63) 


set 
v=w—jnQ 
then interchanging summation and integra- 


tion 


1 5+j2/2 : 
Xir(s)= ak Rute. Rex 
2m} Jy ja/2 


+o 
| Ne GtortinayHs—0—jna) Jao (64) 


Then by Poisson’s summation formula with 
reference to equation 11 


Te 54+j0/2 

Xiy(s)= f Kite RR * x 
275 J5—j0/2 

(e°"5)\GT*(e""8,s)dv (65) 


and expressing the integral in the z=«?7s 
plane 
-1 
Xuls\=— gp 2-1K,*(2)R*(z)GI*(z,s)dz 
27 
(66) 


where the path of integration is now a 
circle around the origin of the z plane with 
a radius of |z'=27°, 

Applying identical techniques to equa- 
tions 58, 60, and 61 


Xu= se G 2-1I%(2, s)de (67) 


eaten 
Xpls)=a— Pp 21K" e2-YR x 
27 
(é7%z-1)I1G*(z,s)dz (68) 


1 
Xrr(s) =f 21K, *(2)Ki (e721) X 
R*(z)R*(e"%z-1)GG*(z,s)dz (69) 


where the path of integration is the same 
as in equation 66. Applying contour 
integration on equations 66-69 and sub- 
stituting these into equation 57, equation 
10 results. 


Appendix Il 


Equation 1 can be rephrased as 


s=Jo° p(é)(i(t)—c(#))2dt (70) 


where f(¢) is the probability distribution of 
output utilization, z(t) is the desired, and 
c(t) the actual output. 

With reference to Fig. 1, if the impulse 
response of the plant is g(#), by real con- 
volution (the £¢ domain equivalent of 


~ equation (6)), there results 


foo] 


c(t)= >> eel vTs)e(t—-¥Ts) 


v=0 


(71) 


Further, with reference to equation 6 and 
Fig. 1 


e(Ts)= >, ka(nTs)r((v—n) Ts) (72) 
n=0 


SS _ 
Wa(u—m)s’ ="ba'r((u—m)Ts)is 


Wa(u—m)(v—n)" = Dar ((u = m)Ts)'r(( v—n)Ts) 


With equations 70-72 and 34-36 after 
interchanging the sequence of summations 
and integrations 


s=Wii(0,0)—2) | ki(mTs)Vey'(0, —m) + 


m=0 


Ss me Ri(mTs3)ki(nTs;)Vgq"(m,m—n) 
=0n=0 
(73) 


which by the notations of equations 34-36 
reduces to equation 32. 

Now let it be assumed that the transform 
of the sampled impulsive response of the 
optimum system is 


°Ki*(z)= >) Ch(mTs)2-™ (74) 


m=0 


Then for the general system 


Ky*(2) =)> ki(mTs;)2—” 


m=0 


=)> [°ki(mTs) +ek(mTs)|2-" (75) 


m=0 


where «k(mT;) is arbitrary. Now for 
°K,i*(z) to be truly the optimum system 
it is necessary that after substituting 
equation 75 into equation 73 


Os 


bs =0 (76) 


e=0 


for any selection of «k(mT;). Carrying out 
the operation indicated in equation 76 


Os 


= =—2)) &(mTs)¥u'(0, —m)+ 


e—0 m=0 


eg MnT DY) °b(nTs) 


m= 


Mare os = (74,) 


and since equation 77 must be satisfied 
for arbitrary «k(mT;) 


M 
D> ka(mTs)¥ 99"(m,m—n) — 
n=0 


WVig'(0, —m)=0,m=0,1,2...M (78) 


Note that °f(m7;) has been replaced by 


notation k(m7T;) in equation 78, and 
further that a finite limit of summation 
has been introduced in agreement with the 
assumption that T=MT, is the duration 
of output utilization: ‘p(t)=0 if t>T. 
Considering the. notation of equations 
34-36, equation 838 is identical to equa- 
tion 78. 
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With the notations of equations 39-43 
and the definitions of equations 34-37 


Woie= "De iste (79) 


(80) 


— 


(81) 


Zaborszky, Diesel—Sampled-Data Control Systems 61 


Fase = Desc (82) 
Fas.'=) Gy adux : (83) 
x 
res isa =) » GxGrPaprxe, (84) 
x kK 
Here 
Base = So da'(t)os"(Obe"(t)di (85) 


Besuy! =S urs bai (t)bs" (t)by!(t—wTs)dt 
(86) 


PE Or de —pTs) x 


III 
= < 
Ne ox (t—Tsv)dt, vSp (87) 


Sid ee Gate Xx 
«/(t—Tsv)dt, wS 


Daur x 


The coefficients Gy, Gx appearing in equa- 
tions 83 and 84 are the Fourier coefficients 
of the impulse response, g(t)=£~4[G(s)l, 
of the plant. If ¢,//"(£) is a complete set 


of functions orthonormal on the interval 


O<t<T, these coefficients are given by 


GH SO be! (t)e(t)at 


For the purposes of Tables I, II and III, 
it has been assumed that the ¢/(t), o”(t). 
and ¢"(t) sets are identical, and that they 
are either trigonometric functions or 
Legendre polynomials. 


(&8) 


Appendix IV 


With the definitions and notations of 
Table I as explained under ‘‘A General 
Input Environment Selected for Detail 
Study” in reference 2 and in this paper 
the input and desired output can be written 
respectively 


“r(t) ="r(t)+*Q(t)'s(t) +'H(t)'n(t) (89) 
“Ti(t) = "i(t) + g(t)’ s(t) (90) 
And by Taylor expansion 

‘g(t)= >> ‘get (91) 
(= >> het” (92) 


It is now assumed that the functions 
ou(t) and g2(t) are identical (¢,/(t)= 
$5'""(t) if a=6) and that they form a com- 
plete orthonormal set on 0<t<T. Then 


‘ , : : : Automatic Control, Institute of Radio Engineers, 
with equations 89-92 the factors in equa- averaging over the 7 ensemble. Subscript New York, N.Y. vol. PGAC4, van oe 
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tions 79-81 can be expressed in the following 
forms 


She = ‘De (93) 


Ns = is +>) “O21 506 (94) 
xz 


Sr(uTs) ='r(uTs) +'Q(uTs)’s(uTs) + 
H(uTs)’n(uTs) (95) 


where 

‘6, =S0" ba(t)'p(d)dt (96) 
"i= So" 0(t)'i(e)dt (97) 
Ssrg=JSo. ba(dtts(t)dt (98) 


Index / of equation 12 has been replaced 
by 7 since the general ensemble / includes 
both the 7 and 7 ensembles of the present 
problem. If now the probability of func- 
tion 7 within the 7 ensemble is ‘Q; and the 
probability of the function 7 within the 
j ensemble is 40, then substituting equations 
89-98 into equations 79-82 there results 


Wase= Patste +>) De PadrAySréSye 
x y 


(99) 


Votu-m)s! = Par (u—m)Ts)is+ 


LA pcatle Tacs m) Talat 
Sd ce | 
dab\(u—m)Ts) Qon((u—m)Ts)sz5 f (100) 


Wss((m —m—p+v)Ts)+ 
paG((u—m)Ts)se((v—n)Ts) X 
Vsn((m—n—p+ty)Ts)+ 
bal)((u—m)Ts)Q((v—n)Ts) X 
Vns((m —n—p-+r)Ts) + 
bal)((u—m)Ts)h((v—n)Ts)X 
Z nn((mian = pty) Ts)" (00) 
here the dashed line indicates averaging over 
the 7 ensemble; the dotted line indicates 


x and e were replaced where necessary | 
dummy subscripts, respectively y and 
Notations Wss(t), Wsn(t), Yna(t), and Uns 
refer to the various autocorrelation at 
crosscorrelation functions of the stationary 
random processes which give rise to tk 
I5(t) and “(t) components of signal ane 
noise. Of course these autocorrelatior 
functions can be obtained by inverse t 
sided Laplace transformations of 

corresponding power spectral densities. 


Wes9(t) =L2—[Bs5(s)] (102) 
Wsn(t) =L2— [Bsn (s)] (103) 
Vaal) = Le Sno(s)) (104: 
Wnn(t) = £2 [Pnn(s)] (105) 
With these definitions and equation 98 
s((u—m)Ts)s20 


=s((u—m)Ts)So fs(t)b0( t)dt 


=Sz t%s(t)—s((u—m)Tadba(dt 
= SP Vest —u—m)Ts)p(t)db 
Similarly 
n((u—m)Ts)sx8 
aie UP Wns(t—(u—m)Ts)ba(t)dt 


This leaves to be evaluated S28 Sye 
equation 99 but this latter evaluation 
been done elsewhere.? 


’ 
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Subject to 


J. ZABORSZKY 


MEMBER AIEE 


NEWLY DEVELOPED approach 
to the synthesis of control systems 
las been based on “probabilistic” or “end- 
jgma”’ error.1 These names denote the 
mecept of an average penalized error 
xr such times when the output of the 
mtrol system is actually used. Detail 
psign processes for continuous? or sam- 
ed-data* linear systems have been de- 
eloped to yield linear systems operating 
ith minimum probabilistic square errors. 
is paper shows that constraints, speci- 
ally an acceleration constraint on the 
tput, can be included in the design 
ocess for minimum probabilistic square 
or. Only continuous systems are 
eated in this paper, but extension to 
mpled systems is straightforward. 

An input environment has been selected 
r this study which is comparable in its 
xtensive scope to that used for the un- 
bnstrained case.” 


onstraints 


The constraint selected for illustration 
one of acceleration limiting on the out- 
t, c(t), of the control system. While 
ch limits are usually nonlinear it is cus- 
pmary,* in order to preserve the linearity 
the over-all problem, to constrain the 
ms value rather than the peak value of 
ne acceleration. In this sense then the 
bustraint is set up as: 


H2=S, E(t)? pls) dt<2a? (1) 


here »a is the rms acceleration limit, the 
puble dot denotes second derivative with 
spect to time, p(t) is a weighting func- 
on or, potentially, a probability dis- 
ibution function which defines the 
articular way in which the time averages 


‘the square acceleration is taken. For 
e special case of: 
Vy dh i OS ir) 
2 
a -\\ if T<t< © (2) 


uation 1 yields the actual rms value of 
ne acceleration. The straight line de- 
btes averaging over an ensemble of in- 
ts indexed by /. 

Subscripts preceding the function sym- 


Ay 1960 


Design for Minimum Probabilistic Error 
jof Continuous Linear Control Systems 


Constraints 


Je We DIESEL 


ASSOCIATE MEMBER AIEE 


bol will be uniformly used throughout the 
paper to distinguish quantities pertaining 
to the constraints. 


Probabilistic Error 


The probabilistic square error has been 
defined :? 


saJSo "a e)(G(8) — c(t) 2d (3) 


where ‘i(¢) and 'c(t) are, respectively, the 
desired and actual output created by'r(¢); 
the number / member of the ensemble 
comprising the input environment of 
the system; ‘p(t) is the corresponding 
probability distribution of the utilization 
times of the output; and s is the end 
sigma. 

The aim of the optimization is the sys- 
tem which produces the minimum, s, 
probabilistic square error, equation 3, 
under the constraint of equation 1. 


Input-Output Environment 


An input environment will be selected 
which can be described by: 


S(t) = "r(t) + go! s(t) + "ho? n(t) (4) 


This consists of a nonstationary ensemble 
of specific input functions, ‘7(#); an 
ergodic ensemble of random signal input 
functions /s(/) which enter the system 
through a gain ‘g) which may be correlated 
to the 7 ensemble; an ergodic ensemble 
in(t) of random noise functions which will 
here be assumed uncorrelated to ’s(#) and 
which enters the system through a gain 
‘hy. The latter, in turn, may be corre- 
lated to the z ensemble. This input en- 
vironment is identical in its generality to 
the one studied for continuous systems? 
except that for the sake of brevity gains 
‘gy and *ho are here restricted to be con- 
stant, and /s(¢), ’n(t) are assumed uncor- 
related. More details about this input 
environment are given in reference 2. 

The desired output will be assumed to 
bes 


a(t) =*i(t) +%go’s(t) (5) 


where ‘i(t) derives in some specified way 


from ‘7(f). Since /s(t) and ‘n(t) are un- 
correlated ergodic ensembles they can be 
represented by rational power spectral 
densities as: 


ay 
Il KSa3i0e) se 


Ky’ 
OS ——— Re 
S—qyr 
II -a) = 
1<E<H’ 
atin 6 
SSNS (6) 
Psn(s) = Pn5(s) =0 (7) 
H’ 
[[ s—~”) A’ 
K. ” 
Prn(s)= —— : ” 
SiN 
Tf s-a") = 
1<£<H" (8) 
1<v<K" 


It will be assumed that ®,;,(s) and ®,,(s) 
have zeros at infinity, that is, consider- 


ing that these are even functions in s, 
H!—K'=26' H'"—K'"=29" (9) 
where 6’ and 6” are positive integers, 

e’=1, 2,3... 


= NED ae (10) 


Then the power spectral densities of the 
second derivative of ’s(#) and ’n(t) and 
cross-spectral densities of various other 
derivatives of these quantities can be re- 
duced to the form: 


oe i ay 
sz(s) = s? > Kya’ +) Ky'qn"* 
A=!1 rA=1 
H’ 
Relat 
> a (11A) 
5S— gr 
A=!1 
we(s)=s? Ky’g’" + z Ky" + 


A=1 


H"” 
Ryan” 
> a (11B) 
5—Qyr 
Neal 
H’ 
Ky'g” 
w=) Ky'qn'+ pe ies) 
s—gy’ 
H” 
. 7 Kas "2 
wee > Ky" 25 a ia8) 
S==OX 
A=1 st 
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Ht 
: 2 otic Grae 
Pi:(s)=—s TEN CN 
s— gy’ 
(13A) 
HY” H’ 
@i5(s) = af oon res 
3 »e s—qy” 
A=1 A—2 
(13B) 


Optimum System 


Assuming a linear system with impulse 
response k(t), the following superposition 
integral results for the output: 


“e(t)= So R(t) 'r(t—ty)dty 


where 'r(#) is the number / input to the 
system which may be discontinuous at 
t=0. That is: 


(14) 


r(0-)=r(0-) =0 (15) 
but potentially, 
r(0*)=7(0)40 +(0+)=7(0)40 (16) 


_ Consequently the output acceleration 
may be expressed generally as: 


E(t) =r(oy b(t) +r@k(t)+ Io” dtyk( rth) 
(17) 


where k(0)=0 was assumed, which is 

representative of practical systems. Sub- 

stituting equations 14 and 17 into equa- 

tions 1 and 3 the following two equations 

result: 

av taae ys 

e(t)?= if disk (te) Sy. dt R(t Wert, t —t2)+ 
Voo+2v9s-+vg5-+2 So dts (tr vor(ty) fr 

2S, dtik(h var) (18) 


and 


s=Wii(0, 0)—2Sy dhk(t:)Wir(0, —t:)+ 
Sv dtskts)So. dk ty) rr ts, te —t) 


If, further, functions p(Z), 2p(é), r(d), 2(d) 


k(t), and #(é) are expanded over! 


oa(t), a=0, 1,2... 


a complete set of orthonormal functions 
on the interval 0<#<7, and the Fourier 
coefficients are computed and denoted as 
described by the following general case: 


x(t)= >> xyer(t) 


y 


ay=JSo. x(t)py(t)dt 


(29) 


(30) 


Then, asis shown in Appendix I and ref- 
erence 2 for the input environment de- 
scribed above, equations 18 and 19 take 
the form: 


e(t)2=)) >) bmkn ofmn + 
8(0)>) >. kmknifmn Soa? (31) 


s=f—2 Doenint >, > yan, 


where 6(#) is a Dirac delta function, the 
fi fms Fmny ofmn and 1fmn coefficients will be 
discussed later and the km, kn are Fourier 
coefficients of k(£) as defined in equation 30, 


(32) 


The delta function will be absent in equa- 


tion 31 if $;,(s) and @,,(s) both have zeros 
of at least order 4 at s=~. Generally, 
however, when the delta function is pres- 
ent in equation 31, it will make this con- 
dition to a certain extent indefinite. For 
this reason equation 31 will, somewhat 
arbitrarily, be split into the following 
conditions: 


ve bs Rm, ofmn S20? 
m n 

— >> Rmkn, ifmn =0 
m n 


The second condition is sufficient by 
the derivations of Appendix I and, if it 
is not necessary, at least it appears to be 


(33) 


(34) 


that these have a general form: 


following three matrix equations to be 
solved for the optimum ,, matrix: 


mie Fon rh er +1A an! kn] =Fr| ’ 


mandn=1, 2, .. 


km lofmnl Rn] <2a?, 


.M (36) 


mandx=0,1,...,H 


km lufmnlknl =0) mand n=O0,1,...,WM 


The first equation is linear in k, but the 
last two are nonlinear so o\ and ;\ w 
need to be established by cut-and-try, 


Complete Computation Program 


To carry out the solution indicated it 
equations 36 through 38 it will be neces. 
sary to evaluate first f, fm, fmn, ofmn amid 
ifmn. As in earlier cases®* it develops 


---f...=rational function of 


ye 2 le $ 
z y 2 


where the Fyy,z... depend only on t# 
selection of the orthonormal set on which 
expansions are obtained, so these can be 
precomputed for the few orthonormal sets 
which would be practically considered 
On the other hand the ---¥,,, factors @ | 
in some cases Y;yz factors) represent the: 
special characteristics of the input em 
vironment. Further, it develops that ; 
Fave, and Favemn are identical to those ob- 
tained in reference 2 where complete com-t 
putation programs are presented for th: 
sets of orthogonal functions for the case 6} 
the unconstrained system. Similar pro-} 
grams can be produced for all three or-* 
thogonal sets with the constraints of t 
paper. In fact, the equations introducede 
here modify the program of reference 2 int 
a relatively minor way. To preserve 1 ee 


(19) quite reasonable. The minimization of s brevity of this presentation it will be left 
where then should be carried out under the twin to the reader to introduce these modi-t 
—————___—_——. constraints of equations 33 and 34 or, fications in the final areas of, respectively, 
Urrlt, )=Se dap thi(ayatr) (20) ; coo 
a 0 Mpa th)rh)ra+r) (20) in other words, quantity: Table I(B) and Table II of reference 2. 
T ee ee ee ee . . . : Lf 
ine ia S, dinpl+t)i(hyilh+r) (21) Da Ghat Newvias It is significant that the most time-cot 
: Som Soke wae I re bmn suming parts of the program, those affect- 
ae eg od disp(t+t)i(te)r(t+r) (22) ing the computations of the Fyr., Farcm 
* ha D Dy Rmkn[fmn +o ofmn+1r ifmn] and Fypemn coefficients are not affected by 
biz (ty, 7) = Si tz op(te+ty)1 (te) r(t+7) the change since these coefficients ate: 
(23) 199) quite universal. In fact, once these co- 
eae bE op must be minimized with respect to kn, efficients are computed and recorded om 
oo = S dt k(t) r2(0)op(t) (24) Here, o\ and ;\ of course are the Lagrange tape they can be reused for any individua i 
n a multipliers established by equations 33 problem whether it involves constraints 
s= Jo dt k(t) R(t) r(0)F(0)2p(t 2 1 
woi= So (4) (2) r(0)(0)ap(¢) (25) and 34. The result of the optimization or not. 
aye ze dt b(t) 7*(0)np(t) (26) 38 the optimum kn or, by equation 25, a 
i Fourier expansion of the impulsive re- Conclusions 
vor(t)=JSo. dt K(t) r(0)op(t)r(t—t) (27) sponse of the optimum system. 
" ; The minimization of equation 35 is A design process is introduced to ol 
vir(th) = S, dt k(t) #(O)2p(t) r(t ty) (28) carried out in Appendix II leading to the _ tain the impulse response function of th 
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tinuous time-invariant linear system 
ich has the smallest average square 
or for such times when its output is 
d, while maintaining a limited output 
eleration. To solve problems of a com- 
xity common in control-engineering 
ctice it is necessary to utilize major 
ital computers, and the paper presents 
the necessary equations in an organized 
for the programing of the computers. 


Appendix | 


ith expansions as defined in equations 
and 30, the definitions of equations 31 
32 take the form: 


> 2» Sans Fane (40) 

@ Y 

2 ey Da ¥a81' Fasym (41) 
@ v 

=>) os A oe (42) 
Sy Y 


> » Deby Farymnt 
ma DU ae sumtin Fo + 
ra! *Fann+2) te (Dien Fam) + 
% D tes? (2 TS en ) + 

22 2 steasFaman (43) 
22) 2 Tes Famsn (44) 


ere the quantities Fagy,F asym, Fapymn; 
By, VY’ apy, Vay have been previously de- 
in Tables I(B) and II of reference 2. 
should be remembered that in equations 
through 44 the F coefficients are assumed 
be based on expansions of all functions 
the same ¢;(t) orthonormal set as de- 
in equation 29 and 30. However, in 
erence 2, somewhat different function 
s were used for various functions in order 
shorten the computer program, Con- 
ently if (Fagym)ir is the F factor de- 
d? for trigonometric orthogonal sets, 
1 for substituting into equations 48 or 44, 
gn =1/2[ ( Faupn)ir +(Fa(—p)Gn)tr]. The 
e€ process applies when, but only when, 
N, p, OF y appear in equation 48 or 44 at 
of the first three indexes of F.) 

sveral additional definitions are needed, 


a i ie ay 


Swwnmwwwwsne sew eaw wwe tt 


+'bq he? Ing Tiny (45) 
ere it has been considered that /s(f) and 


t) are uncorrelated (4s Iny=0), with the 
hed line indicating averaging over the 2 
emble and the dotted line averaging over 
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thej ensemble. The first term on the right 
side of equation 45 poses no difficulty since 
it contains Fourier coefficients of known spe- 
cific functions. 

With reference to equation 30: 


eee e ee 


Ip tiy= > 10S0 8toltat 
j 


So %5(t)o(te)dt (46) 


where /Q is the probability of function 
number j within the 7 ensemble. Exchang- 
ing sums and integrals: 


"Se , = te dt; dp(ts) 
ir 
Si dhe de (haven). (47) 


considering that 
se(h—t) = 10 45(t2)"(h) - (48) 
ner 


is the autocorrelation function of second 
derivatives taken on functions of the 
ergodic j ensemble. The latter can be ob- 
tained from the power spectral density of 
equation 11(A): 


as(t) = = [@es(s)] 
H’ 
=KOY) Ky/qn' +8) 2 Ky'qn"8 
hi 


DAK n’gn'te ll (49) 


where 6,(f) or 6(¢) is the Dirac delta function 
or impulse and 6;(t) is the third-order im- 


pulse.® It should be remembered! that: 

60) = Sa 5s(t)dt (50) 
the second-order impulse, and: 

6(t)=S a 6,(t)dt (51) 
u(t) = Sin 6x(t)dt (52) 


where a is any finite positive real number and 
1>0. Then equation 49 can be substituted 
into equation 47 and the integration can be 
carried out. For a trigonometric ortho- 
normal set as defined earlier there results: 


WVopy =Vapy +6(0)Vasy (53) 


where 


oVapy = > to\ Pals 2’ Ry+ 


t 


H’ 
A 
foe 22 on > Ky'a'+ 
Nad 


H’ 


= 3 Kx'qn'?-+25'(B, y) )+ 


h=1 
HH’ 
HY (ay)? > Ky"a" + 
=1 


th 2 (- 
HH’ 
ae iS Ky"gn"?+23'(B, ») If 
Ne 


(54) 


H’ 
1V apy = Sy'04,Pa) ‘o> Ky'qn’ 
7 A=1 


(—(—1)8 +7— 


Hu 


Skin" —(—19=1 }h (55) 
Naw 


where the following definitions have been 
made: 


1)+ "ho? 


Hi) 
IE n)= >) Alan) UE Kx, an) 
pe | 


(56A) 
HU) 


g/g, =>. Ax(ga™) 
ey 
U(E, 9, Kx gn 4, qn) (56B) 


q 


U(é, n, K, g)=K ————_ 
(E, 9 q) Pies)? 


Ss 45 
\-. Ag+ an Pan lo £)*5 


(pnd —(—nFr4ant (56C) 


0, Relg]>0 0, |e] [a 
on) ; At&=< 1, || =|n| #0 
1, Relgl<0 2, |é| =|] = 
(57) 
2Po =opo 2Ro= Fr 


1 ; if 
2Pe = 5 (2ha) a= | a| #0; Re=5 Wa 


b=|8| 40 (58) 


By similar processes: 


H’ 
eee 28 ‘OQ {xPa| 4X0) +*go2 yD Ao(gn’) X 


HM 
Ky'+%h% >) Aeqn”)Kx" } (59) 
it 
ie? = 5 ‘OQ {Pa *r(0)'#(0)+ 
H' fi 
‘gg? Ae(gn!).K’qn' + 


> Eh 
HN” 
ho D> adon"Kx" | (60) 
X=1 


Te = Tg? +5,(0): 1% (61) 
where 
ta =>) 10 {ie 0) - 
a 
H’ 
tg? D> Ax(gn')Kx'gn!2— 
X=! 
H? 
‘nt adarnixi'o | (62) 
A=1 
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H’ 


te = D7 '0 ral — "got DU Rn! an! — 
t 


cit 


Hu 
he? >) Ky"a" } (63) 
A=1 J 
Tee 0 {x00 OVO) 


a 


H’ 
e omvo't 
eS! 


ee) 


H’ 
A / K / y 
24 SE ene 


AW HH" 
nl Ky "Or "+)) Ao(gn”)Kx"qn" 2X 
A=1 rA=1 


(—1)8 "1 
ail, oa 


‘Dee =oTap’ +5:(0): Top” (65) 
where 
Top =>) iQ {:¢e| *#(0)'r(0)+ 

i 


H’ 


gy? ye As(gn’)Kx’gn 4X 
A=1 


(- 1)B <2’ —1 
(qn’)?-+(B rr)? 


HV 


ty 2 ys Ao(Qr "Ky "an" 2X 


A=1 
(—1)P "1 


HY" 
Tae’ = >, ‘0 {P| —' go? ys IO Ging = 
a A=1 
HY" ’ 
thy? ys rat" | (67) 
SS 


Finally, for the general orthonormal sets 
as in equations 29 and 30: 


key = bo. Get baba? 


and for the specific trigonometric set de- 
fined in Table I(A) of reference 2: 


(68) 


Kry =0, x+y even (69) 
Koy = —2, x =0 

—4y?2 x+yodd (70) 
Kyy cd A~0 
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Appendix Il 


The condition k(0)=0 can, in view of 
equation 29, be equivalently expressed as: 


M 
>> Fudy(o)=0 (71) 
y¥=0 
or 
M 
1 
b= — 5D, belo) (72) 
Y=1 


To find the system which operates with the 
minimum probabilistic error the Fourier 
coefficients "ky, are needed which minimize 


Investigation of the Feasibility of Designing 
Homing Aircraft Flight Control Systems 


for Minimum Probabilistic Error 


J. ZABORSZKY 


MEMBER AIEE 


N EARLIER paper! introduced the 

concept of the ‘probabilistic’ or ‘“‘end- 
sigma’’ error and proposed it as a measure 
of control system performance and as a 
basis for control system design. The 
probabilistic square error conceptually is 
the average of the squared error for only 
those times when the output is used. 

A subsequent group of papers?~‘ pre- 
sents detailed design processes to find 
continuous or sampled-data control sys- 
tems which are optimum in the sense of 
having minimum probabilistic error. Op- 
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timization of systems subject to con- 
straints is also considered.4 All these 
papers are general in nature; the tech- 
niques proposed are broad in scope and 
not tied to any specific control situation. 

It is the purpose of the present paper to 
explore the feasibility of solving an im- 
portant and complex practical control 
problem, flight control of a homing air- 
craft, by the proposed techniques. The 
discussion of necessity has to be of an 
exploratory nature, since the space 
limitations of a technical paper prevent 


s as expressed in equation 35. If n is: 
set of arbitrary coefficients the general im 
pulse response has coefficients: 


n= kn +ekn (73 
so a necessary condition of ky, being thi 
coefficients of the optimum system is: 
Os 


=( 74 
Oe ( 


e=0 


Substituting equation 73 into equation 
and applying equations 72 and 74, there t 
sults equation 36 with the definitions: 


mn =fmn —fmo —fon +foo 

of mn = ofmn —fmo —fon +ofoo 
Smn =1fmn —1fmo — fon +1foo 
Jm=fm—fo 
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ntrol to a Constant Bearing Course 


In ideal homing the missile can be 
ned at the instant when homing is 
tiated in such a way that if both the 
get and missile velocity vectors re- 
in unchanged (no maneuvers) they will 
ually collide. Assuming that hom- 
is initiated at t=0, and at this time 
get and missile are respectively, in 
nts Ty) and My at a range ®(0), see Fig. 
collision course will clearly have been 
iated if the velocity components 
pendicular to the line of sight for both 
get and missile are equal. Thus, with 
speeds constant the line of sight will 
intain a constant bearing up to colli- 


n an actual situation there will be 
h target maneuvers and errors in the 
ial aiming of the missile on a collision 
se. Yet if the bearing of the line of 
t were maintained constant, eventual 
ision would result. Accordingly, the 
trol system is designed to reduce to 
oO any deviations in the bearing of the 
of sight from missile to target. Only 
2-dimensional problem will be treated 
his paper. 


finitions and Reference Systems 


he geometry of homing on a constant 
ing course will be described using the 
ordinate system of Fig. 1. J) and MM 
e are the respective positions of target 
missile at =0, the instant of initiation 
homing. V, and V, are the meas- 
d velocity vectors of, respectively, 
target and the missile at f[=0. Vr 
1 Vy are the corresponding actual 
ors. At f=0, the y-axis of the co- 
inate system is selected to connect 
mts, Ty and Mo, with the origin 0 at 
Also, the origin of the co-ordinate 
tem is assumed to travel with con- 
nt speed Vy, so that at time ¢ it reaches 
ition O(t) with thex and y axes keeping 
ir original orientation. If Vyg=V-y, 
a—=Vr7, and no maneuver occurs 
=constant, V7=constant), and fur- 
eat 
sin [6(0)] = Vr sin [o(0)] (1) 


mn target and missile would be, respec- 
ly, at points 7,’ and O(#) at time #. 
ther, at t=, they would collide at 
nt O(t;). During the entire run, 
t<t,, the line-of-sight from missile 
target would maintain a constant 
ntation. In reality, because of initial 
ors and maneuvers, the missile and 
get will be located respectively in 
ts T, and M, at time ¢. If the range 
stance from target to missile) is R(é) 
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at time #, and if the angle of the line of 
sight at ¢ with the line of sight at t=0 is 
Ao(é), a small angle (from Fig. 1) 


e(t) = X(t) — X(t) 2R(t) Aa(t) (2) 


If, further, the actual missile speed V y(t) 
is maintained constant and | Vra()| = 
| Var , and if the deviation between the 
actual direction of Vyy,(é) and the initial 


direction of Vy, is Ay(é), then from Fig. 
1 


du(t)=VarSo Ar(t)dt (3) 
Further, from Fig. 1, 


xu(t)=dy(t) cos By= Vy cos Bodo Ay(t)dt 
(4) 


since by the definition of the co-ordinate 
system, «y(0)=0. Laplace transformed 
equations 2 and 4 become 


E(s)=Xp(s)—Xy(s)=L{ R(t) Ao(t)} (5) 


1 
Xa(s)= Vaz cos Bo z AT(s) (6) 


Representation of Homing Navigation 
System with Geometry 
Cancellation 


A simplified block diagram of a typical 
homing system is shown in Fig. 2. Here 
G(s) represents the transfer function of 
the airframe and the servomechanism 
plus whatever compensating networks are 
to be applied. It is assumed that this 
transfer function is time invariant linear 
or at least it can be approximated as such. 


Fig. 1 (right). Geometry of 
homing 


Fig. 2 (below). Block diagram 
of homing computer 


R(t) 


k 
ABU 


MEASUREMENT 


For feedback purposes, the output of this 
transfer function is d*Ay(t)/dt*, that is, 
the order k derivative of the change in 
missile heading. Of course the eventual 
output of the missile is its actual heading 
(k=0), but the instrumentation may be 
such that the control system can only 
sense rates (k=1) or accelerations (k=2). 
The input to the transfer function G(s) is 
a manipulated variable u(¢) produced by a 
computer which receives information on 
d*Aac(t)/dt*, the number k (and possibly 
numbers higher than k) derivatives, or 
integral for negative k, of the change of 
line-of-sight angle, and information on 
range @(t), and possibly of its derivatives. 
The computer is permitted to be nonlinear 
and is able to compute derivatives of the 
quantities fed to it but in computing 
integrals of such quantities would lack 
information on the initial values of these 
integrals. Range and range rate are 
assumed to be approximately independent 
of the action of the control system, the 


RO) 


T a 2 
| 
1(t) V1dO 


t 
‘ 
Lies 


MISSILE HEADING 
dt y(t 
dtk ? 
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(A) 


R(s) G(s) 4 els) 
de 1+ G(s) 


(B) 


Fig. 3. Reduced block diagram 


second derivative of R(t) is usually neg- 
ligible. The computer is included in the 
control system in order to manipulate its 
output, u(t), ina manner giving some de- 
sirable adaptive characteristics to the 
flight control system. Advantages in 
adaptive characteristics, in the sense of 
geometry cancellation, are exhibited by a 
class of computers instrumenting one of 
the following equations 
1 k+1 


d 
et (R(t) Ao(t)) 


= Vy cos Bo d 


ewe, 10, To CR) 
Of chief interest are the cases k=O and 


k=1, Then, from Fig. 2, 


s*£{ Ay(t)} = 


Vur ccs Bo 

qgét} 
2} ra(HD4e(0)} Gs) (8) 
or by equations 5 and 6 


SUX (s)= 18 [X7(s)—-Xmu(s)] — 
k 


sy Hp6%(0) — yO) bots) (9) 


7=0 


where superscript (¢) means time deriva- 


tive of order 7. Defining 

k 
ER(s)=€Xo(s)— D> sO? lacy (0) — 

i=0 

f(0)] (10) 

£C(s) =€Xy(s) (11) 
from equation 9 
£C(s) = K(s)€R(s) = ; ee 5 R(s) (12) 


A corresponding block diagram is shown 
in Figs. 3(A) or 3(B). The index f refers 
to the number f member in an ensemble of 
input functions, that is, to one specific 
input function from an ensemble. 
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Block Diagram with Geometry 
Cancellation 


It should be noted that equation 12 
describes a time invariant system with 
ordinary Laplace transfer function. Fur- 
thermore, this is a conventional unity 
feedback control system, Fig. 3. This 
means that the “geometry cancellation” 
is complete. The forward-loop transfer 
function G(s) in this system, as pre- 
viously described, is just the Laplace 
transfer function of compensating net- 
works, servomechanism and airframe. 

The output c(t) of this system is the 
missile position along the x co-ordinates: 
xy(t). The r(t) is the target position, 
x7(t) with the following quantity sub- 
tracted ore 10) 


ne Se #*lxep(0) —sey¢(0)], 


h=0 
k>1 (13) 


e7(t)=0, k=-1 


Equation 13 represents part of the 
accumulated effect of errors in the initial 
aiming of the missile. The fact that this 
is subtracted from the input is an ex- 
pression of the fact that if the control is 
based on rates or higher derivatives, it will 
not be able to eliminate some of the initial 
errors since it never receives information 
on these. Of course instrumentation con- 
siderations will frequently determine what 
derivatives can be used. Because of the 
way the co-ordinate system is selected 
there will always be (see Fig. 1), 


xu(0)=0 
xyu(0)=0 


x7(0) —(0) 


¥p(0) = — Vra sin oo + 
V psin o(0) (15) 


(14) 


The last relation of course gives the initial 
measuring errors of target speed and head- 
ing. It can be observed from equations 
13 through 15 that for k= —1 or k=0, all 
errors present at the time of transition 
to homing can be corrected, but for k=1 
the error associated with x,” (0) is in the 
blind spot of control. 

While the equations are in terms of 
x(t) and xj,(#), it should not be forgotten 
that the transfer function G(s) is in 
missile heading (or its derivatives) over 
manipulated input. In turn the compu- 
ter requires an input consisting of range 
and its derivatives together with line-of- 
sight angle and its derivatives. These are 
then the quantities which must be meas- 
ured or otherwise instrumented. x7(¢) and 
xy(t) need not be instrumented in any 
way. These, in effect, are transitory 
concepts used in the course of the analysis 
only, 


Up to this point no noise was assume 
to be present; this assumption howeveri 
dropped in what follows. 


The Total Input 


The input, (), to the computer 
now be separated into a number of com 
ponents 


fr(t) = Ur(t) = *r(t) + Ys(t)+ n(t) (16 
where 

*y(t) = "xp (t) + “xe(t) 
and 

Is(t) = x(t) 


The over-all ensemble is split here inte 
two ensembles, 2 and 7 which are stat 
tically independent. Functions ‘x,(é) anc 
‘Ix,(t) represent ensembles of actila 
target maneuvers ‘x,(t) is the fictition 
target maneuver representing initia 
errors, and “‘n(t) is the fictitious tars 
maneuver representing noise. 


The Deterministic Target Maneuv 


The ‘x(#) ensemble is assumed to be: 
set of possible, known deterministic targe 
maneuvers. each having a probabilit 
within the ensemble of ‘Q. The ergodit 
hypothesis does not apply to 
ensemble. 


Random Target Maneuvers 


The “x7(¢) ensemble is assumed to be 


a representation of random _lateras 


maneuvers of the target. These being 
lateral, will fall essentially in a direction 
perpendicular to the initial target he: 
ing (Fig. 1) with an elongation s(t). 
ergodic theorem applies to the j ensem 
so that /s(#) can be represented by 
rational power spectral density of 
form? 


I(s —w;" ) 


&,,(s) = B! $____ 
HE n(s—an') 


It is not necesary to label this power sp 
tral density by j, since the j ensemble 
ergodic. 

Now since 4s(t) is peepecdiciek to t 
initial target heading the correspond 
component in the x direction will be est 
lished as 


Is(t) = %xq(t) = tgoIs(t) 
where 
499 = cos [*(0)] ; ( 


is a gain that is properly a eabee of 
7 ensemble since it depends on the init 


May 1f 


set heading. The latter is clearly 
elated with the deterministic 
peuvers of the target. 


= Fictitious Target Maneuver 


it follows from the way the co-ordinate 
tem is selected that any measuring 
pr at the time of transition to homing 
}°) will, in latter portions of the run, 
pear as a fictitious target maneuver. 
hilar effects result from an initial turn- 
H rate (x,;)(0) 40) of the missile. 
nas been explained in connection with 
jations 13 through 15 that, depending 
ithe selection of the computer, the con- 

system may be blind (if k>0) to 
ne of this fictitious input and conse- 
mtly unable to correct it. The part 
he fictitious input which the system 
ble to see will be with reference to 
ation 13 


1 
D= >=, Per (0) —x(0)] —en(0 
h=0 


ao 


>. tn [xe (0)—axae(0)] k>O 
nak 
(22) 


course there will be a finite practical 
er limit of the summation as higher 
ivatives of a system of given order are 


he part e7(t) of the fictitious target 
neuvers which are in the blind spot of 
trol will produce additional square 
brs which can be simply added to end 
ma if this part of the fictitious target 
neuver is statistically independent of 
actual target maneuver and the rest 
he fictitious target maneuver. 


Noise Input 


here will be random noise entering the 
at control system. The main source 
he noise would be the radar. Most of 
noise would be directly entering (see 
. 1) into the information on the line- 
ight angle o(f). In equation 16, 
t) is the fictitious target maneuver 
ivalent of the noise. The angwar 
se amplitude would approximately be 
ersely proportional to range R(t); 
the other hand, such changes in x, 
bear as products of range and of changes 
}o(t). Consequently, the noise in- 
nation referred to in equation 16 will 
independent of range or time, and in 
, can be considered stationary 


t)= *ho!n(t) 


pre ‘ha is a constant gain determined by 


(23) 
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constants of the system and of the geom- 
etry and /n(t) is a stationary random 
process that can be described by a rational 
power spectral density * 


T(s—z"") 
N 


There may be other noise components 
which vary in different ways with the 
range. These too can be approximated 
in the form of equation 23 except that ‘ho 
would be time varying. Such time varia- 
tion is permissible in the proposed method. 

Depending on the value of k in equation 
7, it may be necessary to introduce a 
correction of the nature of equation 22 for 
the initial values of the noise and its 
derivatives. 

In most cases random signal and noise 
will be uncorrelated. 


®n3(S) = Bsn(s) =0 (25) 


The Desired Output 


The aim of the control action is to keep 
the bearing of the line-of-sight constant. 
So the desired output? * is inherently the 
actual target position 


4i(t) = *xep(t) + s(t) (26) 


where ‘x,(é) and “s(#) are respectively 
defined under ‘‘the deterministic target 
maneuver.” and ‘“‘random target maneu- 
vers,” equations 16 through 22. 


The Actual Output 


With reference to Fig. 3(B) and equa- 
tion 16, this is obtained in the s domain 


491C(s)=K(s) “R(s) (27) 
or in the ¢ domain 
I¢(t)= Jo k(t) r(t—1)dr (28) 


The Error 


This is defined?‘ as the difference be- 
tween the desired and actual outputs, 


Melt) = 4i(T) — c(t) (29) 
or with equations 13 and 26, 
Ye(t) = xp(t)+ s(t) —Yxu(t) (39) 


Probability Distribution of Output 
Utilization Times 


The control action will not be fully 
successful in keeping the bearing of the 
line-of-sight constant or the error “/e(é) 
(equation 29) zero, but it will keep it 
small. Should “e(t) be zero or xy(é)= 


x(t), then target and missile would 


collide (see Fig. 1) in point O(t,) at time, 


@(0) 
Vu cos’ B(0)—*V 7 cos 4a 


‘t(@(0)) = (31) 
These times are shown here as functions of 
initial range (0) and of z, the index of the 
z ensemble of functions. This ensemble 
is to be interpreted here as an ensemble 
of sets or matrices of functions and quanti- 
ties which are statistically interrelated to 
each other; specifically: function ‘x,(d), 
the deterministic target maneuver, func- 
tion ‘x,(é), the fictitious target maneuver 
caused by initial measuring errors, and 
quantities “8(0) and ‘oo, the initial head- 
ings of missile and target. If R(0) is 
statistically dependent on these members 
of the 7 ensemble it too should be con- 
sidered a member of this ensemble. Con- 
versely, initial measuring errors condensed 
in ’x,(t) are actually a subensemble in 7 
which could be statistically independent 
of ensemble 7. The actual distance of the 
target and missile (Fig. 1) would of 
course be 


A(t) = [(xr(t) — x e(t))?+(yr(t) — y(t) )7)*? 
(32) 


However, if x7(#)—x,y(#) changes rela- 
tively little when ¢ is near t, then the 
minimum distance will occur when y(t) — 
yu(t) =0 that is at about t=t,. Now the 
missile will be exploded about the time of 
minimum distance. This means that for 
given initial range ®(0) and target maneu- 
ver number 7, the ‘g(t]|R(0)) conditional 
probability density of time interval ¢ from 
transition to homing to explosion will 
exhibit a more or less narrow peak cen- 
tering around ‘,((0)), For example 


1 __lé-4s@o)P 
—é 2a2 
2a Vr 


‘g(t| @(0)) = (33) 
Frequently, say in the case of a missile 
used against an approaching attacker, it 
will be possible to assume that the target 
maneuver, initial error, and initial bear- 
ings of missile and target are statistically _ 
independent of the initial range ®(0), and 
further, that the initial ranges have a 
probability distribution g(R(0)). This 
distribution may be influenced, for in- 
stance, principally by the way salvos or 
sequences of missiles would be fired at an 
attacker. Then the over-all probability 
distribution of time elapsing from the 
activation of the system; that is, the 
initiation of homing to the output utiliza- 


_ tion (explosion) takes the form 


*p(t)= So” q'a(0))‘g(4)dn(0) 


Naturally this probability density is still 
dependent on7z. In other words, a differ- 
ent distribution will belong to every 
member set of the 7 ensemble including 


(34) 
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initial headings, '8(0)’o(0), initial error 
‘y,(#), and deterministic target maneuver 
‘y,(t). Conversely, if the range M(t) 
is statistically a member of the 7 ensemble, 
the probability density of. output utiliza- 
tion will be from equation 33 


; re, 1 
i e iR(0 
P(t) f gC R(0)) == Fas Xx 


_ [= @R(O)) |? 
é 2a? 


d'R(0) (35) 
If, further, the 7 ensemble is restricted to 
one member, and a—0 so that ‘p(f)= 
6(t—‘t,), a Dirac delta function, then 
the special case of a final value system*>~? 
results. 


Design for Minimum Probabilistic 
Error of Homing Flight Control 
System with Geometry 
Cancellation 


The flight contro] system of a homing 
aircraft with geometry cancellation has 
now been reduced to the concepts, term- 
inology, and notations of references 2, 3, 
and 4. The functions defined in equa- 
tions 16 through 26 feed directly, with 
identical notations, into lines 1 through 4 
of Table I(A) and lines 1 through 6 of 
Table I(B) of references 2,3, or 4. Fur- 
thermore, this provides all the necessary 
information to carry out the computa- 
tions in Tables I and II of references 2, 3, 
and 4. The result of the computation 
(lines 9 and 10, Table II, reference 2) is 
the impulse response k(t), Fig. 4(B), of the 
flight control system which has the 
smallest probabilistic error (; is also ob- 
tained from this calculation) among all 


time invariant linearsystems. The geom- 
etry compensated homing system was 
shown previously to be time invariant 
linear as shown in Fig. 3(B). The 
optimum time-invariant closed-loop trans- 
fer function K(s)=£{k(t)} can then be 
easily converted into the corresponding 
open-loop transfer function G(s) of Figs. 
3(B) or 2. This latter contains the 
existing ‘‘plants” of the servomechanisms 
and airframe. Comparing the transfer 
functions of these latter existing com- 
ponents with the desired optimum open- 
Joop transfer function G(s), it is easy to 
establish the transfer function of neces- 
sary compensating computers. Thisproc- 
ess of optimization has been intro- 
duced in detail'~4 and extensively illus- 
trated by numerical examples.2* The 
purpose of the present paper is only to 
show that the geometry compensated 
homing flight control system is one case of 
a control system to which these processes 
apply. Application of these techniques 
results in a control system which gives 
minimum mean square miss performance 
in a broadened sense, over an extended 
class of input and range environments. 
In reality, the discussions in preceding 
sections of this paper establish merely the 
definitions and concepts and outline the 
determination of the various functions 
and quantities which are necessary in- 
puts to the computations of references 2, 
3, or 4 in order to optimize the flight con- 
trol system in the minimum probabilistic 
error sense. For an individual case it 
still may require substantial effort to carry 
out the required determinations of the 
various functions, to analyze inputs, etc, 


Space and other restrictions make 
clearly impossible to include the detail 
within the confines of a technical paper 


Conclusions 


It is shown that the general problem 
the homing aircraft can be expressed 
terms of concepts which make it amen 
to computations developed? ~ for des 
ing control systems to operate wit 
minimum probabilistic square errors, : 

The probabilistic error! extends th 
generality of conventional measures { 
performance because it summarizes fh 
performance of a system over its entir 
operating environment, 
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Transient Decay of Current Through 
Paralleled Mercury-A\rc and 


Silicon Rectifiers 


W. R. HODGSON 


MEMBER AIEE 


HE ADVENT of silicon semiconduc- 

tor rectifier applications to large pot- 
lines has brought about application prob- 
lems heretofore not significant. Many 
of the users of large amounts of d-c power 
wish to try a large power silicon recti- 
fier in actual service before the purchase 
of a complete potline. Since the greater 
majority of the existing potlines have 
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mercury-are rectifiers providing the d-c 
power, it is only natural to put a silicon 
rectifier on a potline in parallel with the 
mercury-arc rectifiers. Fig. 1 isa single- 
line diagram of a modern electrochemical 
potline. The normal method of de-ener- 
gizing the line is to trip the master a-c 
circuit breaker feeding all units. The 
problem of magnitude of potline decay 


current which must be handled by 
single silicon rectifier in parallel 
several mercury-are rectifiers under th 
conditions requires analysis. 

Comprehensive analytical solutions 
many engineering problems have bee 
occasionally bypassed in favor of Ie 
time-consuming approximate solution: 
Noteworthy among such problems 
those classified as being of the distribu 
parameter type. From the standpoint 
definition a distributed parameter pr 
lem can be one in which the descrip 
components are distributed in time. 
example, a study of the effects of a dec 
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1. Typical  single-line 
ram of mercury-arc rectifier 
ine with single silicon 
rectifier in parallel 
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d-c potline current on a silicon recti- 
in parallel with ignitron rectifiers is a 
blem of this type. 

he approximate solutions to these 
iblems involve the application of sim- 
ying assumptions and limited number 
olutions in order to obtain results by 
d-solution techniques in a reasonable 
iod of time. However, with the aid of 
puter equipment a minimum number 
implificationsneedbemade. With this 
ique the parameters of the problem 
be changed at will in order to deter- 
e their effect on the fixed parameter 
g studied. This allows a more 
rough study of the problem more 
ckly and at less cost than the corre- 
nding solution by hand 

his paper will discuss this problem, 
method of using computers to obtain 
lution, and the results and conclusions 
is study in analyzing the decay of a 
e electrochemical potline d-c distri- 
ion under trip of a main a-c circuit 
er, 


1enclature 


1=impedance mercury-are rectifier in- 
cuding transformer, mercury-arc 
tube, and bus 

impedance silicon rectifier including 
silicon cells and bus 

bus impedance between units 

impedance nth mercury-arc rectifier 

=impedance low-voltage potline bus 
loop 

equivalent impedance of ” mercury- 

are rectifiers 

equivalent impedance of silicon rectifier 

=potline back emf 

potline current total 

silicon rectifier current 

mercury-are rectifier current 
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System Considerations 


A typical potline may consist of 30,000 
to 120,000 amperes d-c at 300 to 800 volts. 
In the past this has generally been sup- 
plied by several mercury-are rectifiers 
operating in parallel as shown in Fig. 1. 
Each of the mercury-arc rectifier sections 
have cathode and anode breakers. In 
general, a single a-c circuit breaker will 
feed the entire potline rectifier group. 
Load tests!” in the field have been made 
which show that the most satisfactory 


Fig. 2. Six-phase double-¥ 
single-way mercury-arc circuit 
and 6-phase Y double-way 
silicon rectifier d-c circuits 


ZEAE 


POSITIVE D-C BUS 


SILICON 
RECTIFIER 


method of removing a rectifier line from 
service is to trip the master a-c breaker, 
thus removing a-c power simultaneously 
from all units. The potline current will 
then decay through the mercury-arc tubes 
and rectifier transformers dividing be- 
tween the paralleled units. Field tests 
have shown this method to be quite suit- 
able for mercury-arc rectifiers. 

The situation is somewhat changed 
when a silicon unit is paralleled on the 
bus with mercury-are units. This is due 
to the fact that a 6-phase double-way cir- 
cuit is used with silicon rectifiers whereas 
a 6-phase double-Y single-way circuit is 
used on the mercury-are unit. Reference 


MERCURY ARC RECTIFIER USING 
SINGLE WAY CIRCUIT. 


SILICON 
RECTIFIER 
USING 
DOUBLE WAY 
CIRCUIT. 


NEGATIVE D-C BUS 
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to Fig. 2 will show the difference in the 
circuits. The mercury-arc rectifier has a 
transformer winding impedance in series 
with the tube, while the silicon rectifier 
cell with its double-way circuit is con- 
nected directly between the d-c busses 
are shown in Fig. 2. 

The impedance of the circuit will deter- 
mine the division of current flow under 
transient conditions. Since the silicon 
rectifier section has a much lower im- 
pedance than the mercury-arc rectifier 
sections, it is necessary to determine 
how much of the potline decay cur- 
rent will flow through the silicon rec- 
tifier and to analyze this as to its ef- 
fect on the silicon cell itself. Refer- 
ence to the silicon unit shown in Figs. 1 
and 2 shows that when there is no a-c 
power on the silicon unit, the diodes in all 
three phases in series with the diodes on 
the other side of the bridge circuit are in 
parallel across the bus. In effect, this in- 
creases the current-carrying capability of 
the silicon rectifier. This immediately 
indicates that the unit can handle more 
than its normal short-time rating for the 
short period of time required until the 
potline current decays to zero. This, 
coupled with the fact that the time con- 
stant of most potlines is only a matter of 
a few cycles (approximately 6 to 10 cycles, 
greatly increases the safe current-handling 
capacity of a silicon rectifier unit and 
lessens the probability of silicon rectifier 
cell destruction due to large currents 
handled during potline decay. 
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Equivalent 
system 


Figse 3: 
circuit d-c 


short-time current-carrying 


Normal 
curves provided by silicon cell manu- 
facturers cannot be utilized to determine 
the capability of the rectifier under these 


conditions. This is due to the fact that 
the short-time rating curves are generally 
based on 180-degree conduction whereas 
with the rectifier discharge current from 
the potline 360-degree conduction results. 
Due to the configuration of the phases in 
which all three are in parallel, unbalance 
will result between paralleled silicon cells 
which must be taken into account in the 
final analysis. With 180-degree conduc- 
tion cycles the alternate nonconducting 
cycles will generally allow some cooling of 
the junction and in effect provide a differ- 
ent temperature excursion from that ex- 


perienced with 360-degree conduction. 


which has no alternate nonconducting 
cycle. For these reasons final analysis 
must be made on the basis of the heat 
which can be stored or dissipated by the 
silicon cell during the short conducting 
period during current discharge At no 
time during the decay can the amount of 
heat generated in the diode from the cur- 
rent flowing through it exceed the capabili- 
ties of the silicon cell or failure of the 
cell would result. 


It appeared advisable to analyze the 
resultant decay of direct current on a 
potline to determine if any special pre- 
cautions must be taken to protect the 
silicon cells during potline current decay 


Fig. 4 (left), Sim- 

s : COEFFICENT 
plified equivalent SETTING einai 
circuit of d-c system - POT. INTEGRATOR 


as entered into com- 
puter 


Fig. 5 (right). Block o> 
diagram of analog 
computer for study 
of potline currents < 


values is impedance Z; (Fig. 3) for the 
bus system. Impedance Zp for 


in applications where parallel operatio 
with mercury-are rectifiers is conten 
plated. 

A typical system of the type being cor 
sidered is shown in Fig. 1. The prima 
consideration is to determine the curr 
in the d-c section of the silicon rectifie 
therefore only the impedances in th 
secondary side are considered. A lump 
ing of common d-c loads and souree 
connected to the d-c bus was made to ok 
tain the equivalent circuit. 


This equivalent circuit for the d-c sy; 
tem is shown in Fig. 3.42 The compon 
parts contain impedances of low-vol 
secondary conductors and mercury-ar 
tubes or silicon rectifiers and, in the cas 
of the mercury-arc rectifier, the trans 
former winding impedances. The resist 
ance and inductance of conductors can h 
obtained by fundamental formulas. “ 
resistance of the rectifiers was assume 
constant and obtained by ratio of re 
fier cell or tube voltage drop to tube cu 
rent for a number of load conditions. 
breaker impedance was neglected s 
it is negligible with the breaker conte 
closed. 

The impedance Zz for the mercury- 
rectifiers and Z, in the simplified equi 
lent circuit in Fig. 4 for the silicon re 
fiers is a summation of the impedan 
between the low-voltage side of the re 
fier transformer and the cathode bus o 
case of silicon rectifier between the 
bus. Included in these two impedan 


A ls at = ld Fal el ae | ~ oe Sy = ii = 


mercury arc represents several paré 
units. This Zz impedance is the equi 
lent impedance of each of the nor i 
mercury-arc rectifiers in steady state an 
accordingly only one phase of the 3 i 
conducting at a time. The impedan 
therefore includes transformer and intes 
phase impedances plus bus-bar and tu 
impedances. On this basis the potliri 
mercury rectifiers can be simplified ¢| 
shown in Figs. 3and 4. The mercur 
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SUMMING 
AMPLIFIER 
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ifier circuit can be further simplified 
hout affecting results by lumping all 
he impedances into a single equivalent 
t as shown in Fig. 4. 
mpedances in the silicon section since 
transformer windings are not in the 
sharge path consist simply of the im- 
lances in the rectifier sections and in 
bus bar. The simplified circuit of 
. 4 shows the lumped silicon param- 
PS. 
fests have been run in the field to 
ermine resistance and inductances of 
line circuits.42 Since these values 
y quite considerably, a series of im- 
lance values (Z,) for the potline was in- 
ated in order to study the problem. 
the usual system the potline inductance 
elatively large compared with other 
em components. 


mputer Analysis 


‘or the purpose of this study it was 
ermined that a compound RL circuit 
sts as shown in Fig. 4, and that steady- 
-e conditions had been reached before 
circuit was de-energized by opening 
the circuit breaker. The resulting 
sient must then restore the circuit 
normal conditions, that is, J=0. The 
ching operation takes place at time 
D0 and the analysis was made to 
estigate the current at subsequent 
es during the transient period. Since 
ady state has been reached prior to the 
ching operation the current flowing at 


ee — Bent 
R 


current will serve as a boundary 
dition. After the switching operation 
urs, the differential equation, which 


. 


lies is as follows: 
Ld;/dt=0 


must, however, be modified due to 
back electromotive force (emf) of the 
Ss and since two parallel paths exist 
shown in Fig. 5 two simultaneous loop 
ations result. Referring to Fig. 4, 
uations to be solved are 


+4(Rpit+ Rr) +di/dt(Lyi1+Lr) - 
Lydi2/dt—Ryiz=0 (1) 


+L, )dis/dt-+(Rr+Rs )i2— 


ince these equations have the first 
erential di/dt of the current, it leads 
n ideal solution for the differential 
lyzer. For this reason all solutions 
e made on the differential analyzer 
actually plotted rather than tab- 
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Fig. 6. Typical solution as obtained from differential bat ed 


ulated. Fig. 5 is a computer block 
schematic of equations 1 and 2 entered to 
obtain the required solution from the 
differential analyzer. Fig. 6 shows the 
results in plotted form as taken from the 
the differential analyzer as a solution to 
one set of parameters. 

Only R and L were considered in this 
analysis and only the overdamped solu- 
tion in which the current will rise to a 
maximum and die away gradually, has 
been considered as a solution. Experi- 
ence indicates that this is reasonable for 
potline d-c circuits. 


In order to obtain definite information 
from the foregoing equations it is neces- 
sary to know the variables at the start 
of the conditions, that is, at time zero. 
These values then allow the input volt- 
ages of each integrator at the start of 
computation to be defined. Each of the 
integrators as shown in Fig. 5 has a 
provision for setting initial conditions 
into the computing device. It is not the 
purpose of this paper to describe the ma- 
chine to do the computing since many 
papers and articles have been written on 
that subject. Normally there is more 
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Fig. 7. Variation of silicon rectifier current 
under various potline parameter conditions 


Lt=potline inductance, microhenrys X10? 
Ri=potline resistance, ohmsX10 3 
BEMF=back emf of potline, volts10? 
lpp=potline current, kiloamperes X10 
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Fig. 8. Variation of silicon rectifier current 
under various silicon rectifier, mercury-arc 
rectifier, and bus parameter conditions 


Ls=silicon unit inductance, microhenrys X10 

Rs=silicon unit resistance, ohms X10~4 

lac=silicon unit rating, kiloamperes 

Le=parallel inductance of mercury-arc rectifier 
and system, microhenrys 


than one computer setup for a given prob- 
lem and the selection of one over the other 
is generally made for reasons of economy, 
better accuracy, or because of scale factor 
advantages. In simplifying the problem, 
computer setups involving more integra- 
tions than absolutely needed were not 
considered. 


Analysis of Results 


Fig. 6 depicts a typical run as taken 
from the computer information. This 
figure graphically shows the decay of pot- 
line current, the decay of current through 
the paralleled mercury-arc rectifiers, and 
the initial increase in current and final 
decay through the silicon rectifier. At 
the instant the breaker is tripped the pot- 
line current is 100,000 amperes and the 
silicon rectifier is carrying 5,000 amperes. 
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The mercury-are rectifier provides the 
remaining 95,000 amperes. One cycle 
after the circuit has been interrupted the 
potline current has decayed to 85,000 
amperes while the mercury-arc rectifiers 
have fallen to 52,000 amperes. The re- 
maining 33,000 amperes is now flowing 
through the silicon rectifier. The maxi- 
mum current in the silicon rectifier is 
reached at approximately one cycle from 
which time it begins to decay to zero. 

Since the effect of various parameters 
was desired, a given parameter was varied 
over a fixed range and several runs made 
on the computer. These computer runs 
were made changing one variable and 
holding all others constant to determine 
the effect of changing any circuit imped- 
ance values. Several runs were made 
with two variables being changed in order 
to determine if interpolation between 
curves could be made with several 
variables changed. Results of these 
tests indicate that if a given set of pot- 
line conditions is known, interpolation 
between curves has shown that the results 
can be accurately predicted to any given 
set of conditions. The results of the var- 
ious runs thus provide a curve which has 
been reproduced in Figs. 7 and 8. These 
figures provide a visual indication of the 
effect of changing a parameter on the 
amount of current which must be handled 
by the silicon rectifier during potline 
decay. 

Fig. 7 plots the effect of potline param- 
eter conditions. The effect of increas- 
ing the back emf or potline resistance is to 
lessen the discharge current in the silicon 
section. Decreased size of the potline, 
since the silicon rectifier is now a larger 
percentage of the potline current, de- 
creases the per-unit transient current in 
the silicon rectifier section. An increase 
in potline inductance tends slightly to 
increase the duty on the silicon rectifier 
section. 


Fig. 8 shows that an increase in induct- 
ance or resistance in the silicon potline 
section will decrease current in the silicon 
section. Therefore, in physical placement 
of the unit on the potline bus the ge- 
ometry of the bus should be taken into 
consideration to obtain maximum per- 
missive reactance between it and the 
paralleled mercury-are units. Increasing 
the size of the silicon section also de- 
creases its per unit current for two reasons: 
1. It is a larger percentage of potline size. 
2. It has a higher short-time capability 
since more silicon cells are available to 
share the load. 

As previously indicated the capability 
of the silicon rectifier to carry the high 
potline discharge must be analyzed from 
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Fig. 9. Comparison of watt-seconds of typi 
silicon cell and watt-seconds in silicon rectif 
during potline decay 


the standpoint of the heat developed 
the silicon cell due to the losses generat 
from this current. This has been am 
lyzed as shown in Fig. 9. The cury 
in this figure are all reduced to the 
pabilities of a single cell. The wa 
seconds which must be dissipated 
determined from the number of diodes 
parallel, a derating factor due to 1 
balance between parallel ceJls on a sin 
phase, and the fact that for discharge o 
direct current all three phases are 
parallel. Reasonable unbalance fact 
were taken into consideration in det 
mining how much current would 
divided between the three parallel phas 
As indicated in Fig. 9, the silicon cell 
capable of handling the total watt-secor 
for this particular case. If the comple 
ment of cells or the size or type of cell am 
changed, or configuration is to be chang 
the capabilities of the cell must be 
checked. 
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Conclusions 


The program described in this pa’ 
has proved capable of predicting the cu 
rent that a silicon rectifier must han 
when operating in parallel with mercu 
are rectifiers during the transient p. 
nomena associated with master trip of f 
a-c breaker to de-energize the potli 
From Figs. 7 and 8 the effect of varic 
parameters on the magnitude of c 


Mn a given potline, the back emf, the 
ctance and resistance of the potline, 
the ampere size are a fixed param- 
The amount of potline discharge 
ent can therefore be predicted from 
. 7 and 8 once the rating and physical 
figuration of the silicon rectifier unit 
etermined. 
he proper placement on the potline 
can be predicted to give impedance 
es in the silicon branch to obtain 
ents within the capabilities of the 
S being used. Thus assurance can 
obtained that the silicon rectifier unit 


can satisfactorily handle the potline dis- 
charge current. Even considering the 
most severe set of conditions that the 
present limit of practical potlines im- 
poses, the transient currents are well 
within the short-time capabilities of 
silicon units investigated as shown in 
Fig. 9. 

With the program as followed on the 
computer sufficient data were obtained to 
assist in analysis of paralleled mercury- 
are rectifiers and silicon rectifiers during 
the transient phenomena associated with 
potline decay. 


L. J. HIBBARD 


MEMBER AIEE 


E SERIES CAPACITOR for a 
mumber of years has been a recognized 
ans of reducing the regulation of power 
smission circuits. This paper is 
oted to a study of its application to 
rle-phase power rectifiers supplying 
ctive loads. It is shown here that 
es capacitors may be of significant 
pb in reducing the voltage regulation 
the d-c load. Recommendations are 
red for the selection of the appropriate 
acitor rating and for capacitor pro- 
ion. Data are given concerning the 
ct of the series capacitor on the 
k inverse voltages experienced by the 
ifier elements. Laboratory data are 
mitted to demonstrate what degree 
iccess may be anticipated in achieving 
theoretically predicted performance 
on the series capacitor is applied. The 
hors hope this study will further the 
ptance of series capacitor applications. 
encourage others to extend the 
ysis to include multiphase rectifiers. 
he authors became interested in this 
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investigation several years ago during a 
study of the feasibility of converting the 
facilities of electrified railroads from the 
use of 25-cps (cycle per second) power to 
60-cps power. Where recent locomotive 
additions were of the rectifier type, it 
appeared desirable to determine if a sim- 
ple means existed to make them operate 
satisfactorily at the higher frequency. 
This required that the regulation be re- 
duced from the otherwise undesirably 
high level which would result from the in- 
creased supply system and rectifier trans- 
former reactance at the higher frequency. 
The series capacitor appeared a hopeful 
means of accomplishing this end and so 
this study was initiated. Recognizing 
that this application is so limited as to 
interest but a few engineers, the authors 
have made the following material entirely 
general so that it is applicable to a much 
wider variety of rectifier applications. 

The elements of the circuit studied are 
shown in Fig. 1. A single-phase a-c 
power source is assumed connected to 


Cqg=V2 E, sinwt 


Fig. 1. Basic idealized circuit 
of a single-phase full-wave 
rectifier with series capacitator d 


terminals a-d. The series capacitor is 
represented by C. The inductance Ly 
represents the leakage inductance of the 
rectifier transformer plus the inductance 
of the supply circuits and the power source 
itself. The inductances Ll. represent any 
inductance between the transformer ter- 
minals and the rectifiers. Direct current 
is produced in the load having resistance 
R, and inductance L,;. Point » in the 
e-f winding is a center tap, of course. 

Significant voltage and current relation- 
ships for the circuit of Fig. 1 are shown in 
Fig. 2. In preparing this figure it was 
assumed that load inductance Ly; is so 
high that the d-c load current Jq is con- 
stant, i.e, has no “ripple.”’ This makes 
analysis simpler and is not a poor approxt- 
mation of the effects of practical inductive 
loads. 


Two points of significance should be 
brought out in connection with Fig. 2. 
First, the presence of the capacitor causes 
commutation (that period designated by 
angle u in Fig. 2 when both rectifying ele- 
ments are conducting as the load cur- 
rent is alternately transferred from one to 
the other) to commence in each half-cycle 
at an angle leading the instant when the 
supply voltage goes through zero. With- 
out the series capacitor this angle, defined 
as 6 and indicated in Fig. 2, is zero, and it 
is this difference plus the fact that the 
angle 6 is referred to in latter portions of 
this paper which make it of interest. 


gq #I 
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More significant is the effect of the capaci- 
tor on the d-c voltage plot énm. Note 
that during the intervals when the recti- 
fier elements are not commutating that 
the voltage eg measured on the rectifier 
side of the series capacitor is greater than 
the supply voltage since eq is equal to the 
supply voltage égq less the capacitor volt- 
age é ». During the same noncom- 
mutating intervals, the voltage drops 
across the inductance Z; and I» are zero 
since the currents through them are con- 
stant (because Jz was assumed constant). 
Thus, since é)¢ is higher than it would be 
without the series capacitor so also is the 
d-c load voltage @mn. It is exactly this 
ability of the series capacitor to increase 
the d-c load voltage that is the subject 
of this paper. 

It now remains to report the details and 
results of the investigation made as to 
the practical benefits obtained and prob- 
lems, if any, incurred in such applications 
of series capacitors. The investigation 
was conducted in three steps reported in 
the following sections: a theoretical anal- 
ysis; a laboratory study using analog 
circuitry; and a full-scale laboratory 
study. 


Analytical Study 


The mathematical analysis was carried 
out using the assumptions stated or im- 
plied in the introductory discussion, 
namely: 


1. The entire circuit is free of resistance 
except the load having resistance Rz. 


2. Load inductance ZL, is so large that load 
current Ig is absolutely constant. Thus the 
rms, the average, and the crest value of Ig 
are identical. 


3. Rectifiers 1 and 2 are theoretically per- 
fect rectifying elements having zero resist- 
ance to the flow of current in one direction 
and infinite resistance to reverse flow. 


4. Applied voltage eaq is a perfect sinusoidal 
function of time. 


The average value of the load voltage 
€mn iS denoted as Hy, and by definition 
Ew is the value of Ey at zero load. The 
rms value of the a-c voltage appearing be- 
tween transformer terminal e (or f) and 
midpoint 7 at no load is defined as E, and 
the rms value of the applied a-c voltage 
€aq is defined as Fy. 

For the purpose of generalization and to 
avoid confusion over transformer turns- 
ratio, the concept of commutating react- 
ance is employed. This reactance is 
identified as X,, rather than X, as pre- 
scribed in standards! to avoid possible 
confusion with capacitive reactance, and 
for the purposes, of this paper X, will 
represent the inductive commutating re- 
actance only, ie., total commutating 
reactance with no series capacitor. With 
this reservation, the commutating react- 
ance X, for the circuit of Fig. 1, as defined 
by the American Standards! is 


ei ea ee 
alae lew La 2s | 


ee \2 : 
-i| (#5) és +2| 


where f is the frequency of applied voltage 
Cad: 

Similarly, X¢ is defined as the capaci- 
tive commutating reactance and is 


Lf EE se \ 2a elt ; 
o=3( 55) OnfC ca 
The nomenclature gives appropriate units 
for all quantities in the foregoing equa- 
tions and subsequent material. 

The ratio of X¢ to X; or in other words, 
the value of X¢ expressed in per unit (pu) 
of X;, represents the pu compensation 
provided by the series capacitor and was 
found to be a most convenient means of 
generalizing the resuJts. Similarly, the 
currents were placed in a generalized or 
pu form by defining the base currert J, 
as the rms value of the steady-state a-c 
current which would flow in the trans- 


(1) 


Fig. 2 (left). Voltage and 
current relationships in circuit 
of Fig. 1 


. prised of equation 43 only (good for 


Fig. 3 (right). Derived curves 
of angle 6 as function of angle 


former secondary with X~=0 and bott 
diodes short-circuited. Thus 


If Za pu is defined as the pu value of 
load current, then 


While this definition of pu load current 
appears to contain s strange combination 
of average and rms values, it was founda 
convenient device since aJl curves plotte¢ 
as a function of Jg py are demonstrative 6 
the effect of varying any of the 
quantities Ig, X;, or Es. Indeed to av 
losing sight of this, pu load current is 
hereafter identified in both text and curve 
by the ratio JjX,/E, rather than th 
somewhat less cumbersome symbol Jg », 
Those familiar with rectifier terminology 
will recognize the pu load current ex: 
pressed in this form as identical to 
commutating reactance factor inasmuch 
as direct current commutated by eack 
rectifier device is identical to the load ¢ 
rent Iq. 

The mathematical analysis conduc! 
is detailed in Appendix I. The desires 
goal was to obtain curves of d-c load 
age Eq versus d-c load current Ig, or mi 
generally, curves of the ratio EH,/Z 


- against pu Joad current [2X ,/E, for var 


ious degrees of compensation, i.e., valiie 
of the ratio X¢/Xz. Three sets of eqtla 
tions requiring sequential solution | ¢ 
derived in Appendix I. The first se 
relates the angle of overlap u to the angk 
by which commutation precedes z 
value of source voltage (angle 6, see Fig 
2) for any selected value of X¢/Xz. “ 
set is comprised of equations 34 for X¢ 
X,land 35for X¢/X,=1. The sece 

set solves for [gX ,/E, given u, 4, é 
Xo/Xz,: equation 36 for X°/X,A1 
37 for X¢/X,=1. The third set, cc 


values of X¢/X,),then relates Eq/Eq 
u, 6, and [gX,/E, for any X¢/Xz. 


180 


ANGLE 5 IN DEGREES 
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ANGLE OF OVERLAP u IN DEGREES 


4. Derived curves of pu load current 
as function of the angle cf overlap u 


Having obtained the derivations, the 
ded computations were carried out on 
International Business Machines 
porations 704 computer and the re- 
are plotted in a series of curves dis- 
sed in the following paragraphs. 
ig. 3 demonstrates how the angle 5 
les as a function of u for various values 
- o/ >. L: 
ig. 4, relating [7X ,/E; to u for various 
es of X¢/X,, shows that for constant 
t/E;, as the amount of capacitive re- 
ance is increased up to X¢/X,=1.0, 
angle of overlap decreases. At some 
ner value of capacitive reactance de- 
ding on JzX,/E,, this trend reverses. 
ig. 5(A) shows how £,/Eqg varies 
ra wide range in J,X ,/E, for different 
hes of X;/X,. Points on each curve 
which the angle of overlap is the same 
connected by dashed curves. Fig. 
shows the same data over a more 
ical range. These curves are the 
red regulation curves and, depending 
he magnitude of [zX,/E;, they offer 
siderable theoretical promise of re- 
ed regulation to be achieved by using 
bs capacitors. For example, assume 
tctifier loaded to 0.4 pu load current. 
zero compensation (X¢/X,=0), 
-c load voltage is read from Fig. 5(B) 
bout 0.86 pu of its no-load value. The 
le figure shows that with sufficient 
bs capacitance to make X¢/X1,=0.7, 
jd-c voltage at the same load current 
92 pu of its no-load value. 
is noted, the curves of Fig. 5 are based 
lerivation. To test their usefulness 
\the ability of practical circuitry to de- 


y 1960 


Fa 
Edo 


PER UNIT LOAD VOLTAGE 


PER UNIT LOAD CURRENT = eae 


E do 


Tg Xv 


(A) 


Eq 


PER UNIT LOAD VOLTAGE 


PER UNIT LOAD CURRENT 
(8) 


Fig. 5. Derived curves of pu load voltage as function of pu load current 


A—For wide range of load currents 
B—for a limited range of load currents. 


liver the improvements in regulation in- 
dicated by them, the earlier mentioned 
laboratory tests were conducted and are 
described in the following paragraphs. 


Analog Study 


The analog study was made by essen- 
tially setting up a model of Fig. 1 using 


Railway laboratory data also plotted 


Symbol] 


small silicon diodes as the rectifying ete- 
ments and components of the Anacom? to 
provide the remainder of the circuitry. 
As a matter of interest, the actual magni- 
tudes of the load current Jg in the analog 
setup were on the order of tenths of 
amperes and Eg was about 10 volts. A 
very large inductance was used to repre- 
sent ZL, to minimize ripple in the load 
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Ty 


U #30° 


Fig. 6. Oscillograms of analog circuit quantities for Xc/ 

X1=1.0. Amplification of vertical scale of current traces 

10 times greater for u=30 degrees than for u=60 degrees. 
All voltage traces to a common scale 


current and so approximate the assumed 
condition of constant load current on 
which the theoretical derivations were 
based. Typical oscillograms obtained 
are shown in Fig. 6. The extent of suc- 
cess in obtaining a constant Jz may be 
judged from the indicated traces. 

Efforts were made in reducing the data 
to compensate for the effects of resistance 
in the circuit by noting that during any 
half-cycle there is voltage across the load 
only when the rectifiers are not com- 
mutating. During this same period the 
current is constant in the a-c portion of the 
circuit as must be the voltage drop across 
the resistance of the circuit. Such drop, 
therefore, reduces the average d-c voltage 
by an amount equal to 


TU R TL, af Tu 
} f eo aly ge ii RsIad (ct) 
0 4 THO 


T 


where R, was the resistance of the pri- 
mary circuit measured between terminals 
a and d while R, was that measured be- 
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Fig. 7. Angles u and 6 obtained from analog study as function 0 
load current. The analog data are plotted; the curves are calculi 
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Fig. 8. Analog data—pu load voltage as a function of pu load ci 


tween point and either anode. The co- 
efficient of one-fourth in the first integral 
is a result of the fact the transformer used 
had a one-to-one turns ratio between 
windings c-d and e-f. As each test was 
made the angle of overlap u, and the 
magnitude of Jz were obtained so that this 
voltage drop could be calculated from this 
equation in each case. This voltage plus 
the forward drop of the diodes measured 
with a cathode-ray oscilloscope was added 


Anacom data 
Calculated data 


to the reading of the voltmeter conne 
from m to n to determine Fg. 

The more important generalized dat 
the analog study was given in Figs. 7 
8. Fig. 7 demonstrates a fair agreet 
between measured and calculated valt 
and 6 for various load currents. F 
compares the regulation curves obta 
from the analog with the calcul: 
curves. Apparent discrepancies are 
cussed in a subsequent section. ' 
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25 CYCLE TRANSFORMERS 


; 9. Simplified schematic of full-scale railway laboratory circuit 


10 (right). 


A—gh, anode-to-anode voltage 


C—Series capacitor voltage 


ll-Scale Tests 


n addition to the theoretical and ana- 
studies, a full-scale setup was made in 
Westinghouse Railway Laboratory, 
st Pittsburgh, Pa. The schematic 
ram of the test circuit is shown in Fig. 
While all the the a-c equipment was 
igned for 25-cps operation, a 60-cps 
ver source was used. The 370 type 
tor is approximately rated 1,000 horse- 
ver at 1,000 volts d-c and is identical 
motors presently in operation in recti- 
units. 

By. switching, four different test condi- 
ns were readily investigated: 


est Condition no. 1. Series capacitor 
t-circuited, series reactor  short-cir- 
ed, and a-c filter open. 


est Condition no. 2. Series reactor in 
it, series capacitor short-circuited and 
filter open. 


est Condition no. 3. Series capacitor 
series reactor in circuit and a-c filter 


est Condition no.4, Series capacitor and 
es reactor in circuit and one 23.5-micro- 
id a-c circuit filter circuit closed. 


ypical data taken are shown in Table 
nd Fig. 10 shows some of the magnetic 
lographic records. The traces may 
identified by reference to Fig. 9. 

‘he d-c voltage regulation data of Table 
yere reduced to the generalized form 
| ate indicated in Fig. 5(B) along 
h the theoretical curves. It is in- 
isting to note the good agreement so 


he full-scale laboratory date and the 
log data tend to confirm the validity 
he derived curves of Fig. 5 for the lower 


ly 1960 


Typical railway laboratory data—magnetic oscillo- 
graphic traces of voltage waves 


B—ete, voltage across 2.5 microhenrys inductance 


values of X¢/X,. However, there may 
be some question on this point since data 
was not obtained for values of X¢/X, 
greater than 0.26 in the full-scale 
setup, and the analog data does not 
agree too well with the derived curves 
for X¢/X;,21 as seen from Fig. 8. It 
is the authors’ opinion that the discrep- 
ancy is not the result of erroneous deriva- 
tion or solution, but is caused by the fact 
that the diodes used in the analog setup 
did not have infinite resistance to flow of 
current in the reverse direction. As will 
be shown later, the peak inverse voltage 
across the rectifying devices is increased 
by the presence of the series capacitor 
and without question conduction in the 
reverse direction would tend to reduce the 
load voltage. An ignitron rectifier, on 
the other hand, would much more nearly 
meet the theoretical condition of having 
infinite resistance to the reverse flow of 
current in the rectifier devices, and would 
therefore be expected to achieve more 
nearly the theoretical results. In any 
event, it should be noted the derived 
curves neglect the effect of losses and are 
drop in the case of ignitron rectifiers which 


tend to increase regulation. However, 
the series capacitor will not significantly 
affect these, so that the relative improve- 
ment in regulation in an actual rectifier 
obtained by a series capacitor application 
is expected to agree closely with the rela- 
tive improvement shown by the derived 
curves of Fig. 5 for practical values of 
IgX1,/Es; at least. 

Recognition should be given to the 
fact that the ranges of [2X ,/E, explored 
and indicated in Figs. 4, 5, and 8 are rela- 
tively extreme to what would be nor- 
mally encountered in common rectifier 
practice. To demonstrate this let 7 rep- 
resent the per-unit reactance of the trans- 
former expressed on a base equal to the 
rated volt-amperes at the line terminals 
of the transformer a-c winding, and let Xp 
represent the ohmic value of this reactance 
as measured on the a-c winding side. Of 
course, 


2 
Xn ee (6) 


where VA is the volt-ampere rating of the 
a-c winding of the transformer. Let it 
be assumed there is no other reactance in 


Table I. Railway Laboratory Test Data 
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All a-c quantities are expressed in rms volts or amperes. 


Hibbard, Bliss—Series Capacitors Applied to Power Rectifiers 79) 


fe) 


PER UNIT PEAK INVERSE 
Pi 
RECTIFIER VOLTAGE 
2 V2Es 


PER UNIT LOAD CURRENT 


Fig. 11. 
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Derived of peak inverse voltage on rectifier elements in pu 
of peak inverse voltage with no series capacitor as function of pu load 
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Fig. 12 (right). Relation between coefficient K and angle of overlap u 


the circuit, in which case, the commu- 
tating reactance is obtained as 


lf E, \? 
x,=1( #5) Xr (7) 


The volt-ampere rating of the a-c wind- 
ing may be obtained from standard works 
on rectifiers as 


VA os Esl dR (8) 


where Jgp is the rated value of the d-c load 
current. Substituting equations 6 and 
8 in 7, then yields 
E 
X,=2Xr — (9) 
lar 


and the expression for pu load current 
used throughout this paper becomes 


(10) 


If the rectifier is delivering rated load 
current, then the pu load current is 


Taka 


8 


2X7 


(11) 


Values of Xz for single-phase rectifiers 
do not typically exceed about 0.10 pu 
so that it is seen from equation 2 that 
rectifiers operating at rated load or less 
will normally be operating at values of 
IgX,/E; of less than 0.2 pu if the react- 
ance of the supply system is negligible. 
Abnormally high supply system reactance 
plus the possibility of operating at higher 
than rated currents for limited periods of 
time extend the possible values of [2X ,/E; 
which might be encountered to as high as 
perhaps one pu. 


Peak Inverse Voltage 


The rectifier devices of a single-phase 
full-wave rectifier experience a peak in- 
verse voltage of 2\/2E, if no series capaci- 
tor is used. A derivation is carried out 
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in Appendix II to obtain the ratio of the 
peak inverse voltage witha series capacitor 
to that without it, as a function of [zX,/- 
F, and for given values of X¢/Xz. Solu- 
tions of the equations obtained are plotted 
in Fig. 11. These demonstrate plainly 
the effect of the capacitor on the peak 
inverse voltage and will permit the neces- 
sary co-ordination in making a capacitor 
application to avoid the possibility of ex- 
ceeding the peak inverse voltage rating of 
the rectifying devices. 


Series Capacitor Rating 


Having selected a desired value of X,/ 
X ,, based on the amount of improvement 
required in load voltage regulation, atten- 
tion must be given to specifying the com- 
plete capacitor rating. The ohmic value 
value Xcr of the capacitive reactance to 
be actually inserted in the a-c supply cir- 
cuit is obtained from the relation 


(12) 


where X,, as before is the inductive 
commutating reactance. 

Standards for series capacitors? do not 
require that the capacitor volt-ampere 
rating be specified, but require among 
other quantities that the reactance and 
the continuous current be specified. 
This is based on the assumption that the 


current is sinusoidal, which of course, is — 


not the case when the series capacitors are 
applied to rectifiers serving inductive 
loads. Therefore Appendix III is devoted 
to a solution of the volt-amperes de- 
veloped in a capacitor of reactance Xqp 
when an alternating current having a 
square-wave shape and crest value J, is 
passed through it. It is shown there that 
the total volt-amperes developed are equal 
to 0.85 Ip*X¢p. Were the current sin- 
usoidal, the volt-amperes would, of course, 
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te} 


Se ee ee 


60 90 120 150 
ANGLE OF OVERLAP U IN DEGREES 


be but 0.50 I,?X¢p where J, is still} 

crest value. The actual waveshape ¢ 
the rectifier a-c current is somewh 
between a square shape and a sinus 
depending on the angle of overlap u. 17 
capacitor volt-amperes developed — 
passage of the rectifier a-c current 7, hi 
ing crest value J, may thus be taken 
KI,*Xcp where K is a coefficient va 
ing from K=0.85 for u=0 to K=0.5 ft 
u=180 degrees. Indeed for the case 
no series capacitor it is not too difficult t 
obtain the curve of the coefficient K ¢ 
function of the angle of overlap u. Tht 
curve was calculated and is shown in Fig 
12. It demonstrates that for angles ¢ 
overlap up to 60 or 80 degrees, K does ne 
drop significantly below 0.85. While thi 
curve of K versus w may vary (though 
not in the limits) somewhat when a sefie 
capacitor is applied, it appears reas 
able to base the capacitor kilovolt-amg 
(kva) rating on the 0 85 coefficient makin 
no allowance for the fact it is somewh 
less at currents corresponding to full I¢ 
on the rectifier. Therefore, the capacit 
requires as a minimum a volt-amf 
rating corresponding to rated d-c 1 
current Jgp as follows 


Minimum capacitor volt-ampere rating 


Hn \? 4q 
=o 0.85 (2) Lar?X op 


§ 


This is stated as a minimum since t 
other factors must be taken into acco 
1. voltage across the capacitor and 
co-ordination between short-time or 
load capabilities of rectifier and se 
capacitor. 

The first of these items requires 
vestigation since series capacitor sté 
ards define the maximum current for ¢ 
tinuous operation as restricted to a ‘‘ 
stantially sinusoidal waveform such t 
the maximum rms voltage betw 
terminals does not exceed 1.10 times 


May 1 


Fig. 13. Series ca- 
pacitor current and 
voltage relationships 


ed voltage.’’ 
ipere rating is obtained by equation 13, 
rated voltage V¢p of the capacitor will 


If the capacitor volt- 


m= V OceXcr (14) 
m the familiar relation 

Ver? 
Se Xen (15) 


ere Qcr is the rated volt-amperes of 
ecapacitor. Substituting equations 13 
14 yields 


E 
n= 0.922 es lprees (16) 


Voltage Ver represents the sinusoidal 
Itage which would develop Qcx if im- 
essed across Xcp. The actual rms volt- 
e developed across the capacitor must 
w be developed and compared against 

Assuming alternating current 7, asa 
tare wave, the voltage across the capaci- 
will be triangular as shown in Fig. 12. 
e change in voltage from one peak to 
other (positive to negativeor vice versa) 
ll be equal to the area under the corre- 
onding half-cycle of the current wave, 
, the change in charge Aq on the capaci- 

in one half-cycle, divided by the 


pacitance. Thus 
x=> — =~ 2 )2afXon=- IpX 
m2 Cc 3( 72 ontxXen oe 


(17) 


Jue of the alternating current is 
(18) 


The amplitude factor (ratio of maxi- 
value to rms value) of a triangular 
ve! is 1/3 so that the rms value of the 
angular-shaped capacitor voltage may 
obtained as 
| SSS a Jaz =0.907 = Lar 
(19) 


Comparison of equations 16 and 19 


fay 1960 


then show that the rms voltage resulting 
from the passage of the a-c current of the 
rectifier when at rated load through the 
capacitor is somewhat less than the rated 
voltage of the capacitor. Since the ca- 
pacitor current will not actually have a 
square shape with rated load on the recti- 
fier, neither will the voltage wave have a 
pure triangular shape. Rather, the volt- 
age wave will be rounded off at the peaks, 
as shown in Fig. 13 causing its rms value 
with full load on the rectifier to be even 
less than the value obtained in equation 
19, 

The second area to be investigated is 
that of co-ordination between the over- 
load capabilities of the capacitor and of 
the rectifier. Rectifiers, depending on 
the specified service, are assigned various 
short-time overload capabilities as shown 
in Table II. Series capacitors are per- 
mitted to operate “‘at 135% of rated cur- 
rent for periods not exceeding 30 minutes 
and at 150% for periods not exceeding 5 
minutes.”’ Another paragraph of the 
same standards? states that series capaci- 
tor units shall be capable of withstand- 
ing a maximum rms momentary over- 
voltage of 1.7 times the rated rms voltage 
for a period of one minute and goes on to 
point out this limit applies “for power fre- 
guencies where high-frequency transients 
are not superimposed,” and “the crest 
voltage should not exceed 1.41 times the 
foregoing rms values.’’ From the latter 


restriction, it appears reasonable to inter- 
pret the 5-minute overload capability as 
permitting 150% of rated current pro- 
viding the crest voltage does not exceed 
1.5 times the crest value of the rated rms 
voltage. Concerning the 1.7 multiplying 
factor for one-minute overloads it should 
be noted that the standards? go on to 
note for this factor and others given for 
shorter overload duration, ‘‘The capacitor 
shall be capable of withstanding 300 
applications of overvoltage indicated in 
the foregoing table,’ and ‘“‘Normal service 
conditions associated with regular use of 
the series capacitor shall not result in 
currents in excess.of 150 per cent of rated 
current.” Inasmuch as there exists no 
comparable restrictions in rectifier applica- 
tion as to the number of times the rectifier 
may be operated at its one-minute rating 
(if assigned), it must be concluded that 
the appropriate way to rate the capacitor 
is to make its current rating such that at 
the maximum short-time rectifier rating 
(be it one- or 5-minute duration) the crest 
voltage across it does not exceed 1.5 times 
the crest of the corresponding voltage 
rating. 

The last conclusion may be stated 
mathematically using equations 17 and 
18 to obtain 


1.5./2 Vor 2=Ec oo E 
a L 


(20) 
where Jago, is the maximum short-time 
overload rating of the rectifier expressed 
in per unit of its continuous rating. 
From the fact that Voerg=IcrX cpr, it is ~ 
then obtained that 

Es 
Top =0: 7420 in — Trot (21) 
DD Pee 
If M is defined as a factor equal to 0.742 
Taor, equation 21 reduces to 


Torn 2 MI, Es 
Cr= dk E, 


(22) 


For convenience, the values of M ap- 


Table II. Standard! Rectifier Short-Term Overload Capabilities and Multiplying Factors to 
Obtain Series Capacitor Current Ratings 
Service Overload Ratings in % of Rated Current M 

Electrochemical vals nmalsicalscaet aie wpoleter erence octet ists 150% currentfor 1 -minute: Hy. 6 4.nc tance dae 0.98 

Wracetsteu alice: farce tors, aiennt Moun ane: mi nertoueke ee otal es axe reike caus ote 125 orcurrent fore?) HOtrses aeons ieee meieiains selene 1.31 
200% current for 1 minute 

Class) I—RPail way: or Mining. .iacea suis sci nels « » 150% ieurrent fors2ihoursssd istics esi ae ieee 1.31 
_ 200% current for 1 minute 

Class [E—Railway or Minitg. yonc.. ee sas ss fe 150 %rearrent for 2 hours: carr eee en este 1.96 
300% current for 1 minute 

Class: LEI--R ailiwa issn aterchecso: cls) spe ete wien sed atierss 150% icurrent for:2 hours. occ, cicleie oes. eiettee eons 2.22 


Notes: 1. 
2. See equation 22 of text for use of M. 
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300% current for 5 minutes 


All overload ratings given above are following 100% load. 
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plicable for each recognized rectifier ap- 
plication are set forth in Table II. 

For the sake of comparison, the value 
of Icz obtained if the capacitor volt- 
ampere rating obtained in equation 13 
were used is determined as 


Oon 1/2 Sag 
Iorn= = 0.922 I 
CR ( : E dR 


(22) 


As will be noted, the value of / for every 
application shown in Table II is greater 
than 0.922. Thus the short-time over- 
load requirements dictate the capacitor 
size, and equation 22 must be used to ob- 
tain the current rating of the capacitor 
rather than equation 13. 

In summary, then, having determined 
the desired X¢/X, ratio and presuming 
the value of X ; is known, the series capaci- 
tor reactance is obtained from equation 12 
and its current rating from equation 22. 
The nominal system voltage, the basic in- 
sulation level, and system frequency must 
also be specified. The permissible short- 
time working current and duration are 
specified in accordance with the earlier 
quoted standards.’ Finally, recognition 
must be given the possibility of a fault 
occurring from line-to-line on the rectifier 
side of the capacitor which will subject the 
capacitor to the system fault current at 
that point. For this reason, the fault 
current and duration must also be speci- 
fied. 


Series Capacitor Protection 


The use of a protective gap (such as 
described in reference 5) in parallel with 
the series capacitor as shown in Fig. 9 is 
recommended. This gap protects the ca- 
pacitor from dangerous voltages which 
might occur as a result of faults in either 
the d-c circuit or in the a-c circuit on the 
load side of the capacitor. The gap will 
also operate in the event of an arc back 
in the rectifier. 

To avoid possible damage to the capaci- 
tor dielectric, it is suggested that the gap- 
crest flashover voltage E,ap be not greater 
than approximately 2.5 times the peak 
value of the rms voltage across the capaci- 
tor corresponding to its rated current, 
ie. 


Egap (max) $2.5+/2 IcrX cr =3.54I crXcr 
(24) 


Of course, the crest voltage appearing 
across the capacitor for which it is un- 
desirable to have the gap operate is that 
when the rectifier is at its maximum per- 
missible short-time overload. From the 
means by which the capacitor rating was 
obtained in the preceding paragraphs, 
this voltage is seen to be 1.5 »/2 IcrX cr 


82 Hibbard, Bliss—Series Capacitors Applied to Power Rectifiers 


and allowing for margin, gives a lower 
limit to the gap flashover of 


Egap(min) = 1.25(1.54/2 lorX cr) 
a 2.65] crXor (25) 


Thus, equations 24 and 25 provide 
limits within which the protective gap 
should be set. 

During the full-scale laboratory tests 
the gap fired each time an are back oc- 
curred. The effect of this operation was 
excellent in that it greatly restricted the 
arc-back current. The rectifier designer 
must occasionally introduce inductive 
reactance in the circuit by intent to limit 
arc-back currents to values which are 
harmless to the rectifiers. This is un- 
desirable from the standpoint of voltage 
regulation. The gapped series capacitor 
thus offers a means of reducing voltage 
regulation but not increasing arc-back 
crest currents. 


Conclusions 


1. The series capacitor offers a workable 
method of decreasing the voltage regula- 
tion of single-phase diametric rectifiers 
supplying inductive loads. 

2. Theoretical data have been presented 
which permit estimating the effects of 
series capacitor compensation on the per- 
formance of single-phase diametric recti- 
fiers supplying inductive loads over a wide 
range in variables. 

3. Analog and full-scale laboratory re- 
sults have been reported which support 
the theoretical data for practical angles 
of overlap and degrees of compensation. 
Lacking data to the contrary, it must be 
assumed that the full theoretical improve- 
ments in regulation with greater amounts 
capacitive compensation cannot be ob- 
tained practically. 

4. A simple, yet conservative means of 
rating the series capacitor and its asso- 
ciated protective device has been pre- 
sented. 


Appendix |. Derivation of 
Expression for Es/E, 


Referring to Figs. 1 and 2, the following 
relations may be obtained. It is assumed 
that time ¢=0 at the instant commutation 
starts as the end of a positive half-cycle of 
primary current 7p is approached, and for 
convenience, that L:=0. 

The capacitor voltage at time t=0 is 


Ew = 1/2 Ey sin (r—8)= 1/2 Ez, sin 6 (26) 


'The expression for the primary current 
1p during commutation (0 S$t<u/w) is 


ih any Es; 
pes = dt+Iq¢— 
Up Fp ocd t + oa 


The expression for the voltage eye across 


(27) 


inductance Jj, during commutation (0 : 
tSu/w) is 


erc= V2 Ex sin (wt-+r—5)—enp (28 


The expression for the voltage egy acros: 
the capacitance C during commutation (0S 
tSu/w) is 


pO pe _ 
Cab = Eano ial ty dt (2 D 
C 0 


and substitution of equations 1, 2, 26, 2 3 
and 29, equation 27 may be solved to yie G 
forOStSu/w 


oer al 
?" Bix: |, _ Xe 
Xt 


1 
{[ sn oa sin ot | sin 6+ 


[cos wf—cos wot] cos sh 


x 


ie) 
[o} 
D 
& 
S 
> 
as 


The following relations may also 
written from Figs. 1 and 2 based on the fa 
the voltage on a capacitor is equal to the 
charge divided by the capacitance and #1 
change in charge on a capacitor during 
interval that a current is forced through it 
equal to the time integral of the magnitude 
of the current over the duration of the 
interval. 


Taf x—u\ Ey j 
AB eee a 
votes a At Fs \z ( 


1 ufo 
Ean’ = Ean + st ipdt (32) 
Cc 0 


where Egp’ is the magnitude of voltage 
the capacitor at the instant commutatit 
ceases. The sum of equations 31 and 
yields 


oR ald aw—u\Hs 1 ufo ee a 
abo =" ig) Eos: ; Up £4 


The current 7, given in equation 30 w 
integrated as required and with equation: 
2 and 26 substituted in equation 29 to ol 
tain after eliminating [gE;/Ez, 


(7—4u)(cos ktz—cos u)— 
(1+cos ku) sin 4 + 


iL 
Fe (1+ cos #) sin ku 
6=tan =? 


1 
(r= sin ae sin iu) — 
ee : 
i (sin u) sin ka + 


2 
(2, -cos u— 1) (1+cos ku) 


(3 

for X¢/X,A1. 
For the case X¢/X;,=1.0, it is necessa 
to take the derivative of the numerator a 
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hominator of equation 34 and let X¢/Xz, 
iL.0 to yield 


(r—u) sin u+(1-+cos u)X 
(= ) 
———] 
u 
(r— 1) (cos Sr) +(sin u)X 


(1-52 st) 48 +=(t+-c0s 2) 
(35) 


Now 7p as given by equation 30 may be 
luated at ¢=u/w where it is known to 
From this [gX,/Es is 


1 
€ sin ku—sin u) sin 6+ 


(cos ku—cos %) cos 5 


(1+cos (1-22) 


L 
X¢o/X,i#1. 

Again the derivatives of the numerator 
id denominator of this expression must be 
<en and letting X¢/Xz—0 then gives 


= 24/2. (36) 


=e / Sie 
/2 uf 7 ) sin 6+ 
a (sin «) cos 6 (37) 
1+cos u 
X¢/X,= I. 
The average load voltage Eg for Ig=0 is 
ws dee daay 2./2E 
a) V/2Es sin widt= sees (38) 
via 
0 


d the average load voltage Eg at load cur- 


(39) 


ow the expression for the load voltage emn 
ay be written from Figs. 1 and 2 with the 
me ¢=0 now defined as the instant com- 
tation ceases as 


Ig E. E 
-22 ie (40) 
L 


ee eg egal 
@ 


d mn =0 


S for — = Sige (41) 


Po stituting seeetons 40 and 41 in 39, 
trying out the indicated integration and 
bstituting equation 2 yields 


2E 
* [cos 6+cos (u—5)— 


j= 


(r—1) sin 6] (42) 


ividing equation 42 by 38 then gives 


=a os 5-+cos (u—é)—(2—u) sin 6+ 


(iste) (¥2) =") ty 
Es Xz, 4/2 
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Note that letting X¢—0 in equation 34 
yields 6=0 as would be expected. Doing 
the same in equation 36 then gives 


IgX 1, 


E (44) 


Xe 
= /2 (1—cos u) for —°=0 
V2 ( ) X, 
Letting X¢/X;—0 in equation 43 and 
substituting equation 44 then gives 


Ea _,_ leXr me 


= for = 
Ea Qa/2 8; Xz 


(45) 


which may be checked with any standard 
work on rectifiers (reference 6, equation 9-3, 
for example,) as the expression for the load 
voltage of the rectifier circuit under con- 
sideration when Xco=0. 


Appendix Il. Derivation of 
Effect of Capacitor on Peak 
Inverse Voltage 


From Figs. 1 and 2, the inverse voltage 
experienced by rectifying device number 
2 while number 1 is conducting is found to 
be 


E 
€ipverse = Cmh = 2(Caa a Cab) = (46) 
Ex, 


Letting time ¢=0 be the instant applied 
voltage egg passes through zero as it changes 
from negative to positive and using the same 
reasoning concerning the voltage across the 
capacitor as in obtaining equation 31 per- 
mits equation 46 to be written. 


@inverse = 24/2 Es; sin wi— 


a| - E ER, i iz 
olen ona chang balica 


The maximum inverse voltage occurs 
when 


(47) 


i Clnvexae 


ela 0 (48) 


Substituting equations 2 and 47 in 48, taking 
the derivative, solving for t, and multiplying 
by X,/Xz, yields 


cos! fatin (ia 
® 2/2Es\ Xr 


Q@ 


(49) 


This equation and equations 2, 26, and 31 
here then substituted in 47 to obtain the 
peak inverse voltage Ey;. The result was 
then divided by the peak inverse voltage for 
X¢=0, commonly known to be 2V2E; to ob- 
tain 


ens in [cos (88 \()|- 
Py) aaa 2./2E,)\ Xz, 
em ea 
sin s+ (A )(F)x 
Pas Cay 
Ee cos (84 )(2) | (50) 


This eqtiation is good only for 


TaX 2/2 
O< ad Big laNes 
Es Xo/Xz 


since the value of a cosine cannot exceed 


unity. For values of [gX1,/E;>2./2/Xc¢/ 
X;, n0 point exists where the derivative of 
€mn is zero. The maximum value Ep; oc- 
curs at the instant commutation ceases, 
i.e., at t=(u—6)/w, which may be substi- 
tuted together with equations 2, 26, and 
31 in 47 to obtain 


=sin (w—6)—sin 6+ 
TgX zr Xe 
(van) Ge“ oD 


Appendix Ill. Derivation of 
Volt-Amperes Developed in 
the Series Capacitor 


pt 
2/2E; 


Referring to Fig. 1, let L:=Z2=0 and let 
Xc— zero. Thecommutating angle, u, goes 
to zero and primary current becomes a 
square wave of crest value Jy. The Fourier 
expansion of 7p is then 


4 1 1 
1p = 1( sin wt+— sin 8at+ = sin 5wi+.. ) 
T 3 5 
(52) 


The rms value of the (2n—1)th harmonic is 
simply 


AT y 


V2n(2n—1) Ge 


trms(an—1) = 


The volt-amperes developed in the series 
capacitors is the sum of the products of the 
square of each harmonic of the current times 
the reactance of the capacitor at the corre- 
sponding frequency. Thus, if Xcz is the 
reactance of the capacitor at the funda- 
mental frequency, the volt-amperes Qg¢ de- 
veloped in it is 


Xen 
Qc= ) | omnianan)? 5 | 


n=1 


(54) 


Substituting equation 53 in 54 yields 


ee Th 2X 13+ 1 (2 fos 
se p XOR 3 5 5 at 


= 0.851 p?X cr (55) 


Nomenclature 


C=designates capacitor, also value of ca- 
pacitance, farads 

Eano = magnitude of capacitor voltage egy at 
instant commutation commences, 
volts 

Egy’ =magnitude of capacitor voltage egy at 
instant commutation ceases, volts 

Ecmax = maximum value of capacitor voltage 
Cab, VOlts 

Ecrms=rms value of capacitor voltage égp, 
volts 

Ea=average value of d-c voltage, volts 

Ean=average value of d-c voltage at zero 
load, volts 

Egap =crest voltage at which protective de- 
vice should operate, volts 

E,=r1ms value of applied a-c voltage, volts 

Es;=rms value of voltage appearing between 
transformer d-c terminals and mid- 
tap at zero load, volts 
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€pi=peak inverse voltage on rectifying de- 
vices, volts 

ézy = designates voltage between points x and 
y identified in Fig. 1, also instantane- 
ous value of this voltage as a function 
of time, volts 

f=frequency, cps 

J,=rms value base current, amperes 

Ig=avetage value of d-c load current, 
amperes 

Icr=rated rms current of series capacitor, 
amperes 

Jag =rated average value of d-c load current, 
amperes 

Iaoz=Vvalue of average d-c load current at 
overload, pu of rated average d-c 
load current 

Ta pu=value of average d-c load current ex- 
pressed, pu 

Iy=peak magnitude of current on a-c side 
of transformer, amperes 

7p =instantaneous value of current on a-c 
side of transformer as a function of 
time, amperes 

K=coefficient by which the product I po’ X OR 
is multiplied to obtain voltamperes 
developed in series capacitor 

k=coefficient equal to VV X¢o/Xz 

£,=inductance on a-c side of transformer 
representing transformer leakage in- 


ductance of a-c source and supply 
circuit, henrys 

I,=inductance between d-c terminals of 
transformer and rectifier anodes, 
henrys 

L,=inductance of d-c load, henrys 

M =coefficient by which the term IgeE;/Er 
is multiplied to obtain Jor 

Qc=reactive power developed in _ series 
capacitor, volt-amperes 

Qcr=volt-ampere rating of series capaci- 
tor 

q=charge on capacitor, coulombs 

Rz,=resistance of d-c load, ohms 

Ry=resistance of a-c supply, circuits, and 
a-c transformer winding, ohms 

R;=resistance in one-half of d-c winding plus 
that of anode lead, ohms 

t=instantaneous value of time, seconds 

u=commutating angle or angle of overlap, 
degrees or radians 

VA =volt-ampere rating of transformer a-c 
‘winding, volt-amperes 

Vcr =r1ms voltage rating of series capacitor, 
volts 

Xc¢=commutating reactance due to capaci- 
tive reactance of series capacitor only, 
ohms 

Xcr=rated reactance of series capacitor, 
ohms 


Determination of Ground-Fault Current on 


Common A-C Grounded-Neutral Systems 
in Standard Steel or Aluminum Conduit 


J. A. GIENGER 


MEMBER AEE 


NEED has been indicated in the 
electrical industry for information 
which will enable the design engineer to 
predict the magnitude of fault current 
that will flow in a circuit enclosed by 
metal conduit when subjected to ground 
fault conditions. The purpose of this 
paper is to present usable data, obtained 
by laboratory tests, for the improved de- 
sign of grounded-neutral circuits in rigid 
steel or aluminum conduit. 

Previous studies have been made of the 
unexpected characteristics of grounded 
circuits in steel conduit which clearly 
demonstrate the powerful influence of in- 
ductive reactance, caused by the presence 
of an encircling magnetic duct, upon cur- 


Paper 60-12, recommended by the AIEE Industrial 
and Commercial Power Systems Committee and 
approved by the AIEE Technical Operations De- 
partment for presentation at the AIEE Winter Gen- 
eral Meeting, New York, N. Y., January 31—-Febru- 
ary 5, 1960. Manuscript submitted September 4 
1959; made available for printing October 2, 1959" 


J. A. Guzncer, O. C. Davinson, and R. W. Bren- 
DEL are all with the Eastman Kodak Company, 
Rochester, N. Y. 


84 Gienger, Davidson, Brendel—Ground- 


O. C. DAVIDSON 


ASSOCIATE MEMBER AIEE 


R. W. BRENDEL 


ASSOCIATE MEMBER AIEE 


rent flowing in the faulted conductor,)? — 


The magnetic conduit introduces induc- 
tive reactance in the enclosed faulted con- 
ductor which is greatest when the fault 
current returns in a remote path, substan- 
tial when it returns over the conduit itself, 
and still appreciable when an internal 
bonding conductor is utilized. The 
higher reactance associated with a re- 
mote return circuit influences the ground- 
fault current to seek the conduit path for 
return flow. With a conventional con- 
duit system having tightly assembled 
conduit fittings and properly installed 
bonding jumpers, all of the ground-fault 
current may be considered to return on 
the conduit; even bonding to low-resist- 
ance ground paths, such as heavy build- 
ing steel, has a negligible influence upon 
the ground circuit impedance.? Only the 
use of an internal bonding conductor or 
nonmagnetic conduit is effective. The 
inductive reactance is more likely to be 
troublesome in the common grounded- 
neutral systems having 120, 240, or 277 


Fault Current in M etal Conduit 


X;,=commutating reactance due to indi 
tive reactance only of complete ¢ 
cuit, ohms 

6=angle by which start of commutation pi 
cedes next subsequent zero value 
supply voltage, degrees or radian 

w=angular velocity of supply voltage, 
radians/second (w=27f) 
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volts to ground. This study is limited 
the usual conduit construction and to t 
common systems mentioned. 
The consequences of underestimating or 
ignoring this high ground-fault impedance 
are especially precarious when long cif- 
cuits are installed through hazardous 
areas or buildings storing combustible 
materials. One plant has had four im 
stances in which standard rigid conduit 
or fittings were burned through during a 
ground fault on circuits protected by prop- 
erly applied conventional circuit break 
ers or fuses. Fig. 1 shows the results « 
one such ground fault on a 208-volt 
phase 3-wire grounded-neutral circuit to 
a 20-horsepower scrubber pump motor, 
The length of the feeder and branch cit 
cuit, all in steel conduit, limited the fault | 
current to less than the magnetic instan- 
taneous tripping value of its branch ci 
cuit breaker. An arc was established 
the location of the fault and was sus 
tained until the time-delay overload el 
ment tripped the circuit breaker. A 
this time (about 15 seconds) hot met: 
was spewed into a hazardous area. Af 
parently the arc did not develop into 
phase-to-phase fault which, with 
higher voltage and lower circuit impec 
ance, would have operated the instantane 
ous trip element. 


7 
[| 


Method of Tests 

A series of laboratory tests were pet 
formed with copper conductors in size 
1-, Dyas. 11/,-, 2-, Ye; 3-, and 4-inc 
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. 1. Example of a conduit burn-through 
ulting from a sustained arcing ground fault 


mimercial electrical steel conduit and 
21/.-, 3-, and 4-inch commercial elec- 
al aluminum conduit. On all tests 60- 
le current was caused to flow through 
outgoing cable within a 10-foot length 
onduit. In one case the voltage drop 
, read with the current return path 
mg the conduit to simulate a typical 
bund-fault condition; see Fig. 2 (case 


In the second case the voltage drop 

read with the current return path 
mg the conduit paralleled with a cable 
hin the conduit to simulate an internal 
nding conductor; see Fig. 2 (case 2). 
In every test the voltage drop and cur- 
nt flow were read on a low reading indi- 
ing voltmeter and an indicating am- 
ter at various currents up to approxi- 
utely 12 times the rated current-carry- 
r capacity of the conductor under test. 
mitations of space and capacity of the 
pply transformer necessitated making 
> tests on 10-foot lengths of conduit. 
tage drop per 100 feet of conduit was 
lculated by simply multiplying the 
sasured voltage drop by the factor of 

All readings were taken at a line 
ble temperature of approximately 60 C 
sprees centigrade) and a conduit tem- 
ature of approximately 27 C. These 
mperatures were measured by means of 
thermocouple imbedded between the 
ands of the line cable and another 
srmocouple taped in direct contact 
h the conduit. 
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Results of Tests 


The ground-fault impedance occurring 
at all values of current flow tested is pre- 
sented as four families of voltage-drop 
curves. Fig. 3(A) displays the voltage 
drop resulting with a phase-to-ground 
fault in commercial electrical steel con- 
duit and the fault current return along 
the conduit. Fig. 3(B) depicts a ground- 
fault condition in steel conduit with the 
current return on the conduit plus an in- 
ternal bonding conductor connected in 
parallel with the conduit. The family of 
curves in Fig. 3(C) represents phase-to- 
ground conditions in commercial electri- 
cal aluminum conduit with the enclosing 
conduit as the return circuit. Fig. 3(D) 
displays the resulting voltage drop as it 
occurs with the line conductor in alumi- 
num conduit when the fault flow returns 
along the conduit plus a parallel internal 
bonding conductor. 

It should be pointed out that the curves 
presented here represent the symmetrical 
steady-state current values. The initial 
asymmetrical value of fault current will 
vary with the resistance and reactance of 
the circuit, the instantaneous voltage, and 
the impedance of the arc at the instant 
the fault is started. Since the problem, 
as presented here, is to determine the 
minimum ground-fault current instead of 
the maximum, it is the steady-state value 
that should be considered. 

Experience at one plant has indicated 
that circuits protected at 30 amperes or 
less will not burn through standard rigid 
steel conduit or fittings when faulted. 
However, feeders protected by fuses or 


Table I. 


ANGLE WELDED TO 
1/2 COUPLING 


10 FEET 


TO ADJUSTABLE VOLTAGE SUPPLY 
Qo 
> 
im) 
E 


| TOREBEM | 


CASE 2 


Fig. 2. Test connections 


circuit breakers rated greater than 30 
amperes have permitted high-current arc- 
ing to continue for a sufficient period to 
burn through a steel enclosure. 


Table I is a study of the curves repre- 
senting a size 4/0 circuit in 2!/.-inch con- 
duit and indicates the limitations of feeder 
length that must be observed during de- 
sign if the feeder protective device is to be 
expected to trip instantaneously. As- 
sumptions have been made that the cir- 
cuit-breaker instantaneous-trip device 
will operate at 2,300 amperes and that the 
conditions of system voltage and arcing 
potential will be as specified in Table I. 

A comparison of the limitations out- 
lined in Table I reveals the marked ad- 
vantage resulting when an internal equip- 
ment bonding conductor is provided in a 
steel conduit installation. The resulting 
reduction of impedance in the faulted line 
conductor will permit feeder distance to 


Maximum Lengths of a Size 4/0 Feeder 


Cn ss a aa aaa a aaa sees eS 


Fault Return Path 


DWe-inelt steelicomd uit. syeiatels oss slialhns ele! skerslaicvslaveieiats 
21/9-inch steel conduit + 4/0 cable................ 
21/s-inch altiminum Conduits. 20% + sisters s aise es 0s 0 
21/9-inch aluminum conduit + 4/0 cable........... 


* Maximum lengths have been calculated assuming: 


amperes. 2. 


208/120-Volt System 


Maximum Length of Feeder* 
480/277-Volt System 


hisowd Oc IEIOE ROD opt no combica oo tomcmanetls 
rage dco PPP emo ca gao0 Oo nrado pGUdco dra Ek! 
Oth G0 DOOeia se elleleloiatstehotesta hearers hl a0 
oars ieiats SO 2s ci daveniscldeee easiest LOO 


1. The instantaneous tripping value equals 2,300 
Full voltage, as shown, will be sustained at the protective device during the fault. 3. A 


potential having a 40-volt component in phase with the line-to-neutral source voltage will occur at the arcing 


fault. 
Table Il. Fault Tests on an Actual 500-MCM Feeder 
Voltage Drop, Fault Current. Amperes 
Trial No. Return Path Volts* Predicted Actual 
ie eee B-inch steel conduits vec, te cee <iin's VEL Te NEneS, Yeic ADD Ti, 200 ho aes capensis 1,362 
Aerscsuctaratatel DS IBIGH SLECN COMGUTG a6 :< oie) sSaiele fete aise £50 21) plloleratays aire ere oinlevete TZU: reve caren sda ietes en's Sos 1,355 
eae thee i Binol Steel GoBauity..4.4-.5)s sate cheers rl OO c re ceberneieletens eerste % DE QEO NS: etre ta ekeiclass, wt 2,350 
+ size 4/0 cable 
Rs aaeeo Sqiichy SECEN COMA ULES siete cis ei ein cera sk is catalinreteye ster aiereinte ZOO <a varereis ote iterator ate erate 2,260 


+ size 4/0 cable 


* Voltage drop measured 700 feet from fault. 
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Fig. 3. Woltage-drop curves for various ground-fault return conditions 


A—On steel conduit 


B—On internal bonding cable plus steel conduit 


C—On aluminum conduit 


D—On internal bonding cable plus aluminum conduit 


be increased 1.7 times the permissible 
length of the same capacity feeder which 
relies entirely upon its steel conduit for a 
return path. 

A greater advantage is displayed by 
the installation’ of aluminum conduit. 
The same size 4/0 circuit can be safely 
utilized to serve an electric load at a lo- 
cation 2.96 times further distant than its 
steel counterpart. The nonmagnetic 
property and relatively high electrical 
conductivity of this material may provide 
an inexpensive and justifiable solution for 
the design engineer to avert a potential 
ground-fault hazard even though it is 
more susceptible than steel to arcing dam- 
age. Table I and the voltage-drop curves 
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disclose little or no advantage to provid- 
ing an additional internal bonding con- 
ductor in.an aluminum conduit system. 

It is reasonable to assume that the fault 
impedances presented in this report are 
also applicable for determining the cur- 
rents that could flow in an ungrounded 
system when two phase-to-ground faults 
occur simultaneously. Although the 
fault potential imposed upon this type of 
“ground” fault is equal to phase-to- 
phase voltage, the conduit paths may be 
appreciably longer. The hazards of sus- 
tained high currents during faults such as 
this are no less important than on 
grounded neutral systems. However, a 
good program of ground detection, trac- 
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ing, and clearing will greatly reduce the 
probability of sustained high fault cu 
rents on the ungrounded system. 


Verification of Data - 


For the purpose of verifying the data. 


. tained bylaboratory tests, an actual fee¢ 


was selected and subjected to a phase- 
groundfault. The feeder consisted of thr 
500-MCM (thousand-circular-mil) cab! 
and one size 4/0 conductor installed in 
inch steel conduit. It normally suppli 
480-volt 3-phase 60-cycle power on 
grounded-neutral system and was chos 
for its unusual length and because t 
conduit run is conveniently.exposed ai 
installed in a reasonably safe area. T 
size 4/0 cable is a bonding conductor 3 


May 19 


ed for the prime purpose of reducing 
nd-fault impedance. To simulate a 
t, one phase was bolted to the conduit. 
hs 1 and 2 were performed with the 
jding conductor disconnected and insu- 
id from the conduit path. The bond- 
ycable was reconnected for trials 3 and 
provide a return path in parallel with 
jconduit. Fault current and voltage 
F along the ground-fault circuit were 
ssured at a point 700 feet from the lo- 
on of the fault by means of both indi- 
ing instruments and oscillograph re- 
fiers. 


the results are indicated in Table II 
| compared with the magnitudes of cur- 
it predicted by use of the test curves at 
same value of voltage drop. The 
i numbers are for reference and indi- 
p the sequence in which the tests were 
ormed. For a duration of 16 hours 
x to the tests, the feeder carried a 
light or negligible load. A shut- 
ya period varying from 1/2 to 2 hours 
preceded each of the first three tests, 
king it reasonable to assume that the 
ductor temperature was below 60 C 
ng trials 1,2,and3. This would ex- 
n the slightly higher currents meas- 
dH as compared with the curves which 
based on a 60 C conductor tempera- 
e. A period of only a few minutes 
aspired between trials 3 and 4. It is 
y that the conductor reached a tem- 
ature greater than 60 degrees during 


perature rise that accompanied the 
closely spaced fault tests. This 


Discussion 


H. Kaufmann (General Electric Com- 
y, ochenectady, N. Y.): This paper 
Kes signal contributions to a better under- 
ding of the behavior of a-c system 
Minding circuits. A sufficiently broad 
roach has been used which permits 
Irespondingly far reaching interpretations 


}return current flowing on the enclosing 
duit. The magnitude of current and the 
bressed driving voltage were documented. 
b circuit examined represents that pre- 
ited by a single line-to-ground fault on a 
#hase circuit. 

The relationship between voltage and 
rent in the test case involved positive, 
jative, and zero sequence impedances. 
magnitude and character of the posi- 
be and negative sequence impedances are 
Ite well known. This discussion will 
sent an analysis of the relative magnitude 
ihe zero sequence impedance, Zo, or rather, 
ratio of zero seqtience impedance to posi- 
b sequence impedance Z)/Z;. The ana- 


hy 1960 


1 4 as a result of the accumulative - 


would account for the measured current 
decreasing from 70 amperes above the 
predicted value to 40 amperes below the 
predicted current in trial 4. 

After trial 1, an electrician stationed 
along the conduit route reported that he 
observed an emission of sparks at a pull- 
box assembly. It should be noted here 


that all pull-box covers were removed for 


the duration of the experiment and the 
conduit installation was located within a 
darkened building. Close inspection of 
the spark-producing area revealed a 
“hand-tight” conduit locknut and evi- 
dence of arcing. The loose locknut was 
tightened before trial 2 and in the follow- 
ing experiments no visible sparking could 
be detected. The sparking had occurred 
even though the pull-box installation was 
properly provided with a bonding jumper 
around the assembly and bolted to the 
pull box itself to assure electrical con- 
tinuity. This emphasizes the importance 
of tightly assembled fittings in a conduit 
system. 


Conclusions 


1. The choking effect induced into a 
ground-faulted line cable by a magnetic 
conduit enclosure should be considered in 
the design of long grounded-neutral cir- 
cuits. 


2. The voltage-drop curves presented 
in this paper can be used to determine the 
following: 


(a) The impedance of a grounded-neutral 


o 


circuit in commercial electrical steel or 
aluminum conduit under ground-fault con- 
ditions. 


(6) The maximum allowable setting of an 
instantaneous tripping device to assure ade- 
quate protection under ground-fault con- 
ditions. 


(c) The maximum allowable length of a 
grounded-neutral circuit when the instan- 
taneous tripping value of the circuit protec- 
tive device is not adjustable or cannot be 
lowered without creating a co-ordination 
problem. 


3. When a proposed or existing feeder 
in steel conduit exceeds its maximum 
allowable length, the following alterna- 
tives should be explored: 

(a) Installation of an internal equipment 


bonding conductor which should be bonded 
to the conduit system at regular intervals. 


(6) Installation of aluminum conduit instead 
of steel. 


4, The low ground-fault impedance 
exhibited by feeders in aluminum conduit 
is an important design feature which, 
under certain conditions, could provide a 
decided advantage over steel conduit. 

5. There is little or no advantage to be 
gained by installing an internal bonding 
conductor in a 2-inch or larger aluminum 
conduit feeder. 
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lytical steps by which this can be accom- 
plished are detailed in Fig. 4. In addition 
to the measured values of voltage # and 
current J, there is needed a value of the 
positive sequence impedance Z,. (The 
equality of Z, and Z, for cable circuits in 
conduit avoid the need for impedances other 
than Z;.) Values of Z; used in this analysis 
(representative of conductors in steel con- 
duit) are given in Table III. 

No measure of the circuit power factor 
was made by the authors. In the absence 
of this information, analysis has been made 
on the assumption that the ratio Xo/Ro is 
about the same as X1/R;. Examination of 
the tabulated values of Z, discloses that in 


‘all except the largest conductor size, R is 
that is, the power factor © 


greater than X; 
angle is less than 45 degrees. In reference 2 
of the paper there is described on page 4 and 
illustrated in Fig. 2 the manuer in which the 
magnetic properties of the steel conduit tend 
to confine the return current flow to a thin 
shell along the inner surface of the conduit 
at low to moderate current values. The 
effect is an additional impedance component 
in Zp which is largely of resistive character. 
This will tend to make the power factor angle 
of Z) also low, approaching near equality 
with that of Z,. Thus, fo. the most part, 


the assumption of near equal X/R ratios is 
realistic. In the case of the largest con- 
ductor size, the impedance angle difference 
might be substantial but would not exceed 
45 degrees. Even if the impedance angles 
differ by 45 degrees, the true ratio of Zo/Z1 
for an indicated value of 10 on the graph 
would be 10.5. At higher ratios of Zo/Z1 
the percentage error would be less than 5%.. 

The results of the analysis are given in 
Figs. 5-7. The impedance variation being 
directly a function of current makes it 
desirable to use current magnitude as the 


Table Ill. Assumed Values for Z;=Z, 
Ohms Per 100 Feet 
Conductor 

Size 2 R Z X/R 
is Akt O 0075206 OLOSlLe. e.OnUsta ene. 0790: 
Ge sra ss OL0068i4. 02051 s.eee OL Obi aia O..oo 
2 ee 0.0063....0.0321....0.0327....0.20 
RAE eee O20058)..5..0202038: ...0002T 0-29 
ee OF 0057 Je. LOFOT6S. S.. 0017 2 45,0385 
NO rors, < 0.0054....0.0181....0.0139....0.41 
2/0 ON0053 000 OL 0102... 0 0015.2... 0.52 
Oita 0.005 ....0.0064....0.0081....0.78 


4 é 
500 MCM. .0.0047....0.0039....0.0055....1.2 
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Fig. 4. Current-voltage-impedance relation- 

ships involved in a single line-to-ground fault 
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Note: In test measurements 


From which can be derived: 


3 
Zy= == 92, 


Z/2.=3(=)+2.-2 


abscissa. Fig. 5 includes a line at the ‘10 
times continuous rated current’’ value. It 
is evident that substantial elevation in the 
value of Z) due to magnetic effects in steel 
conduit are still present at currents as high 
as 10 times the continuous rating. This 
is a most significant observation. 

Fig. 6 shows that a full-size internal 
ground wire markedly reduces the value of 
Zo and makes it comparable with that ob- 
tained with aluminum conduit. (Further- 
more, the internal ground wire picks up a 
sizeable fraction of the return current flow 
thus easing the tendency to spark and 
flash at conduit joints and  termina- 
tions.) Had the Z, values for the aluminum 
conduit case been adjusted downward 
slightly to compensate for the absence of 
magnetic enclosure, the reflected values of 
Zo/Z, in Fig. 7 would have been elevated 
slightly. The authors concede that steel 
conduit with a full-size internal ground con- 
ductor is comparable with aluminum conduit 
in so far as Z) values are concerned. The 
behavior of aluminum conduit in trans- 


*o/2, (APPROX.) 


Fig. 5. Zo/Z, ratios appli- 

cable to power conductors in 

steel conduit without internal 
ground wires 


ferring large-magnitude ground-fault cur- 
rents at joints and terminations has not 
appeared in the technical literature. 


E. J. Rutan (Consulting Engineer, New 
York, N. Y.): The value of this paper lies 
in the extensive data which are now made 
available for application to the design of 
safe conduit enclosed wiring systems. The 
possibilities of serious damage and resulting 
fires occurring due to faults on 208- and 240- 
volt a-c circuits have not been fully realized 
by designers. Code-making committees 
also have not recognized the hazards which 
exist (see my discussion of the paper by 
Bisson and Rochau.).! 

The present authors, and others before 
them, have been pointing out the current- 
limiting effects of steel conduit on fault cur- 
rents. The National Electric Code ap- 
proves the conduit as the return path for 
ground currents; in fact, it has no require- 
ment for other ground return circuits for 
conduit enclosed wiring. 

The authors, in Table I, give circuit limits 
for obtaining instantaneous tripping. There 
are other conditions which may be more 
serious. These apply to circuits operating at 
208 or 240 volts with 120 volts to neutral. 

If one refers to the Underwriters’ Labora- 
tories Standard for Fuses, he will find that 
the allowable blowing time for acceptable 
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Fig. 6. Zo/Z, ratios applicable to power conductors 
plus one full-size ground conductor in steel conduit 
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Fig. 7. Zo/Z, ratios applicable to power conductors in aluminum ¢ 
duit without internal ground wires 
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fuses at 200% rated current is surprisin 
long. For example, a 200-ampere fuse 
take 8 minutes to blow at 400 amperes, ¢ 
a 400-ampere fuse can take 10 minutes 
800 amperes. 

Reference to tripping curves of le 
molded-case breakers will show maxim 
tripping times of 8 to 10 minutes for 2 
to 400-ampere breakers at 200% ra 
current. The minimum times may be 
the order of 2 to 3 minutes for 200% ra 
current. , 

When a fault occurs in a steel conc 
system, the reactance due to the cond 
not only limits the so-called short-cir¢ 


know of one failure which resulted in a 
rious fire due to the molten steel dropp 
from the conduit. : 

In Table IV, several typical installati 
are computed, using the author’s data, wh 
might be a hazard if a fault develo 
From this table it is seen that there can bé 
arcing of long duration on circuits betweert 
200 and 350 feet long. Such circuits 
occur in tall buildings 15 or more stoi 
high. (The circuit length must be tal 
from the service because this is the point < 
which the neutral is grounded and there! 
the location where both sides of the cire 
are within the conduit.) 

Other illustrations include the followi 
The 30-horsepower motor circuit with a 2 
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Table IV. Possible Hazardous Installations 
ee ee eee Oe ee eis 


Characteristic 


Case 1 


Case 2 Case 3 


er ee ee ee Ne 


[Installation 208/120 volts 


is came et ah SIRS aia 30-horsepower, 3-. .75-horsepower, 3-..500-MCM feeder 
phase motor 


phase motor 


SeRECIRCUIEL OS! Caer tite ogc) aah. anata aishe Siete Bekcrearpa eras unos LOB Se aPostuarce ore crac 380 
MEERA CCOP SIZOM Mn Ss oe eh ni ke cee HOAs ee BAD ee exetkedas Cote eps 500 MCM 
Bondutt size, inches. ...).00.00 25s cas eevee i Re Seen tte oe ee Oa sarnes sieeleien S 
Permissible fuse, amperes (National Elec- 

tric Code Table 430-146)................ 250) ease tetas BOO ek: whatcha oss 400 
Maximum fuse blowing time in minutes at 

uOcs (and amperes):...ccccaes cca cece MON(500) cae ese TAXHOO0)R seen 10 (800) 
Permissible circuit breaker, amperes........ DD Dicvanase Reere aer ete BOO araleielete sole Glee 400 
Breaker tripping time in minutes (and am- 

RECS) fora dts crnis cs sia) afore’ cic; s spa eiove mis) Sie.8.8 basa 15-6 (500). oe. as 1.5-6 (1,000)... 1.5-10 (800) 
PEBLOEIS CHEV E. EARS CANE careers sisvaveidveisie s ctote DD aisinrc a as stere on os | GA Aaa cnieetee 

ircuit length in feet for currents in items 6 

and 8 (40-50 volts at arc)............... 250-2805..5% sce ee 220=2hO 8 seieacistae 300-370 


ere circuit breaker in conduit 185 feet 
might are for 1/3 to 1 minute with a 
current of 750 amperes before the 
ker will trip. The 500-MCM feeder, 
30 feet long, might sustain an arc of 
) amperes for 0.9 to 1.5 minutes before 


one takes the time, it will be found that 
t the same circuit lengths and clear- 
imes apply for most of the cable and 
uit conditions tabulated by the authors. 
e foregoing examples illustrate the 
e of the paper, which points out the 
ivantages of steel conduit for long runs 
the advantages of aluminum conduit. 
ould also lead fuse manufacturers to 
ove fuse performance, and induce cir- 
breaker designers to try to narrow 
ripping limits. 

more importance, it should suggest to 
esponsible code committees that they 
M consider constructions to reduce these 


ee reference 1 of the paper, p. 107. 


- Roehmann (Kaiser Aluminum and 
mical Corporation, Spokane, Wash.): 
arify matters, one may calculate, as an 
aple, the circuit impedances for 2/0 Awg 
erican Wire Gage) copper conductor and 
+h steel and aluminum conduit. These, 
d on the figures in Table V, are given 
‘able VI. 

e first case in Table VI assumes that 
entire return current flows over the 
structure. This may occur when there 
poor (open) joint in the conduit, or 
n the conduit is nonmetallic, or when 
e is no conduit at all. The value of 
‘eactance is somewhat arbitrary depend- 
on the width of the loop, i.e., the sep- 
on of go and return path. For direct 


Resistance, 
Milliohms 
per 100 


Ik peel CONdUIE. 6.02 ees reese eee 
jconduit plus 2/0 copper in parallel. ... 8 
MaluminUm CONdUIt.....0..s00e8eeee 2 


inum conduit plus 2/0 copper in 


current, this case would offer the smallest 
resistance; for alternating current, it offers 
the highest impedance. In the second 
case of Table VI as in all following cases, 
reactance is at a minimum: A coaxial con- 
ductor has the lowest reactance of all pos- 
sible arrangements. Conduit a-c resistance 
is high, however, due to the high losses. 
Paralleling the internal return conductor 
reduces the resistance materially, cutting 
impedance from 36 to 20 milliohms. These 
figures check reasonably well with the im- 
pedances obtained from the appropriate 
voltage-current curves in Figs. 3(A) and 
3(B) of the paper. Substitution of the 
aluminum for the steel conduit reduces im- 
pedance to 14 milliohms, which is in accord- 
ance with the data from Fig. 3(C). The 
paralleling return conductor helps now very 
little, again in accordance with the authors’ 
findings, Fig. 3(D). 

The impedance ratio of the circuit with 
steel conduit (case 2) and circuit with alu- 
minum conduit (case 4) is 36 to 14 or 2.6. 
For a 4/0 Awg conductor in 2'/>-inch conduit, 
the authors report a ratio of 2.96. Perhaps 
the authors would give, in their closure, a 
curve or table of this ratio versus conductor 
size, based on their test data, Figs. 3(A) and 
3(C), and assuming the maximum conduit 
fill permitted by the National Electric Code. 
We expect that for all commonly used sizes, 
this ratio will be above 2; i.e., permit, 
with aluminum conduit, extension of the 
feeder length to twice that permitted for 


Table VI. Circuit Impedances Obtained 
from Table V 
Impedance, 
Milliohms 
per 100 Feet 
Case Return Path Go Return Total 


1....Steel structure, no..12+ 1+750..52 
conduit 
2....Steel conduit......... 12+ 24+ 7 2..36 
8....Steel conduit plusin-..12+ 8+j7 2..20 
ternal return con- 
ductor 
4.... Aluminum conduit....12+ 2+7 2..14 
5....Aluminum conduit..12+1.7+j 2..13.8 


plus internal re- 
turn conduit 


steel conduit. This length is based on 
considerations of safe fault clearance but 
has nothing to do with the feeder length as 
determined by voltage drop. Before feeder 
length is doubled, or more than doubled, 
by changing from steel to aluminum conduit, 
one should check whether voltage drop 
during normal operation will remain within 
acceptable limits. 


H. E. House-and P. D. Tuttle (Aluminum 
Company of America, Massena, N. Y.): 
The authors have presented information 
that is of great value for designers of in- 
dustrial distribution systems in which long 
conduit runs are becoming common. 

Of interest is the fact that steel conduit, 
with an internal grounding conductor add- 
ing to the construction cost, does not permit 
the same length of run as aluminum conduit 
alone for the same voltage drop, as defined 
in the paper. Or, from the other point of 
view, the same minimum fault current can 
be expected from a much longer run of alu- 
minum conduit than from steel. 

For industrial distribution circuit breakers 
having time delay tripping, a similar ground 
fault on identical steel and aluminum con- 
duit runs will cause the circuit breaker on 
the aluminum-clad feeder to trip out much 
more quickly than that on the steel clad 
feeder. If instantaneous trip devices are 
also incorporated in the breaker, the differ- 
ence may mean an instantaneous trip on 


Table VII. Impedance Values 
Reactance, 
Ohms per 100 Feet 
60-Cycle- Temperature Rise, C Resistance, 

Current, Ohms per Actual Equivalent X, 
Amperes Cable Conduit 100 Feet Value at 1 Foot 
In Steel Conduit 

MOQ ects. store: se Siens Lee cies wverayaiaic.ooatey Gacceeinta, cee mcalter 32 0.0458) <\auatr tet 070248 4525). . eee 0.0299 
BNO eee ntact o asepetens BO. GAS Pea cee Gira tter trailers vie O04 22aF eae sano 0) O24 0025. eee 0.0291 
Cla eho ota i ROTTS ane ICS AT eae 6 cas O%04000 7.5 4. se O.02STR Se, . eins 0.0282 

(ambient 23 ,6-24.3) 

In Aluminum Conduit 

100.. coat Oates waite housas ssashs cette ions, ee 0005505 ea wean re O00 do Penne er 0.0093 
200.. pare’ fi Wena Soe reese i noted tO ae theaters. OZQ0582 tae ese 0} 0042 oF Facet ety 0.0093 
HOO See caret ae acne 1 es AN Cis DORE 1S. eye ee ec ONOOGSO Cr screens. ORQ022 es taeniaes 0.0093 

(ambient 30,6-31.2) 

Isolated Cable* 

PM erste ce tven axa waa over scene enctalerolele misters eVaanintaten ata nisin prs tens OSOO5 2k wrarercmeesie sy make acetgat 0.0093 
SOOPER S aK sh aww 8. ee 1 ea R CEN Are ok COERCED OQNOOGET: 24 totes Meee ree ee ee 0.0093 
S500) eee eee ha IO Oba cra, cornet reposts ay cislevenerenci ate! on vanken QROOSBOk coche hie croe chee ae te ort 0.0093 


(ambient 23.1-23.5) 


* Laid on wooden runner. 
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the aluminum conduit run and a delayed 
trip on the steel conduit feeder. Hence the 
susceptibility of aluminum to somewhat 
more arcing damage is more than overcome 
by the faster clearing time, and, in addition, 
conductor damage is minimized. 

The low voltage drop of aluminum con- 
duit ground faults will tend to minimize the 
possibility of sparking at any poorly made 
joints or box connections. Furthermore, 
the hazard to personal safety of high ground- 
fault voltages is mitigated. 

As a matter of interest, the impedance 
values of a 4/0 Awg copper RHH cable in 
21/s-inch steel and aluminum conduit runs 
are given in Table VII from recent experi- 
ments conducted by the Electrical Engineer- 


ing Division of Alcoa Research Laboratories. 
With current in the cable returning through 
the conduit the entire reactance is reflected 
in the cable. These values are for equi- 
librium temperature conditions for the 60- 
cycle-per-second currents. 


J. A. Gienger, O. C. Davidson, and R. W. 
Brendel: The comments presented have 
added to the knowledge of the subject and 
we wish to thank the discussers. 

Our approach to the problem of conduit 
burn-throughs was to obtain experimen- 
tal data to determine the minimum cur- 
rent to be expected on a severe phase-to- 
ground fault. An attempt was then made 


to put the information in some simple g 
which could be easily used to co-ordinate # 
design of the line with the time-cur 
characteristic of the protective device 
that the fault would be cleared in a 
cycles. With circuit breakers it seg 
advisable to use the ‘instantaneous ft 
value since the time required to burn throng 
various conduits at all values of curt 
has not yet been determined. Howeye 
limited tests indicate that 2-inch steel e 
duit can be burned through in abot 
seconds with 500 amperes, or in 5 seec 
with 350 amperes. For 3-inch steel con 
the times are about 4 seconds and 8 seco 
Aluminum conduit can be burned throug 
somewhat less time. 


Application of Accepted Cable-Heating 
Principles to Unequally Loaded 
Underground Duct 


R. D. CHAMLEE 


MEMBER AEE 


NUMBER of factors influence the 

selection of wire and cable sizes in 
an industrial power system. The more 
important factors are load requirements, 
codes, plant design specifications, voltage 
regulation, short-circuit levels, economics, 
and cable heating. 

This paper is limited to one of the fac- 
tors: cable heating. In particular, the 
paper outlines a solution to the problem 
of making a design check for overheating 
in unequally loaded underground ducts, 
Existing papers on cable heating are 
written primarily for equally loaded 
ducts. The basic intent of this paper is 
to present a solution that is easy to use and 
gives results of acceptable accuracy for un- 
equally loaded ducts. 


General Considerations 


Loaded cables generate heat. The heat 
comes from losses within the conductor, 
sheath, and surrounding magnetic en- 
closure. The magnitude of the losses 
depends on circuit characteristics, cable 
construction, and physical environment. 
This generated heat is dissipated from 
the conductor to ambient earth in a multi- 
path thermal flow. The resultant tem- 
perature rise of the conductor is a func- 
tion of the amount of generated heat and 
the thermal resistance of the heat-flow 
paths. 
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Industry has adopted temperature 
limitations to control the rate of deteri- 
oration of cable insulation. In general, 
the deterioration increases with tempera- 
ture. Recommended values of maximum 
allowable conductor temperatures are 
published in the specifications issued by 
the Association of Edison Illuminating 
Companies (AEIC) and the Insulated 
Power Cable Engineers Association 
(IPCEA). These temperature ratings 
are based on the type of insulation, opera- 
ting voltage, and general application. 


CURRENT CALCULATIONS 


Current ratings of insulated cables 
are calculated on the basis of temperature 
limitations. In the 1930’s, the cable in- 
dustry adopted an empirical calculation 
method which included standard duct- 
bank heating constants.4?2 These con- 
stants, theoretically based on typical 
conditions, have become known as 
National Electric Light Association 
(NELA) constants. The use of duct- 
bank constants avoided the very difficult 
evaluation of the thermal resistance be- 
tween the duct structure and ambient 
earth. Some of the many complex vari- 
ables accounted for in the NELA con- 
stants are as follows: 


1. Size, number, and spacing of ducts. 
2. Configuration of duct banks. 


- Technical Operations Department for presenti 


Material of duct and duct structur 
Depth of duct below grade. 
Type of soil and moisture content. 


Type of ground surface. 


cl een ok Ba OS 


Atmospheric temperature variation 


Many papers have been written on t 
subject of cable heating and circuit k 
ing. A comprehensive study of pre 
practices has been published by the 
ison Electric Institute. Of notewor 
interest, among many AIEE papers ¢ 
cable beating, is one by Neher and 3 
Grath that includes a compilation of e 
gineering formulas and constants for 
calculation of current-carrying capacities 
The calculation procedure outlined 
Neher and McGrath is based on ae 
thermal resistances rather than on 
over-all empirical duct constant. Ex 
ing tables will be recalculated by a similal 
solution. Such a recalculation is not 
pected to make significant changes 
existing tables. 

In 1943 the IPCEA wubbuelied as 
of tables covering current-carrying caf 
ties of paper, rubber, and varnisl 
cambric cables.> These and similarlye 
culated tables published by cable mz 
facturers have become accepted in 
try standards. Thus, they are basic ¢ 
used in the development of this pape 

The IPCEA tables for undergro 
ducts are calculated for 3, 6, 9, an¢ 
ducts, and 30, 50, 75, and 100% load 1 
tor. Interpolation is used for in 
mediate ducts and load factors. 

The NELA constants used for cale 
tions by IPCEA were based on 12 
metallic ducts 3 to 4 inches in dia 


Paper 60-38, recommended by the AIEE Petra 
Industry Gameniies and approved by the A 


at the AIEE Winter General Meeting, New ” 
N. Y., January 31-February 5, 1960. Manu S 
submitted September 16, 1959; made availabl 
printing November 19, 1959. 


R. D, Cuamuee and D. E. McCatz are with | 
Braun and Company, Alhambra, Calif. 
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tables were prepared for equally 
ed cables of similar size, all located 
utside ducts. The calculations as- 
d an unspecified average soil condi- 
with no extraneous heat sources. 

e authors studied a series of homo- 
ous duct banks to investigate the 
t of cable size on duct-bank losses 
idle duct temperature. The homo- 
ous banks were each composed of 
Ily loaded cables of the same type 
size. The studies were based on 
EA tables. The studies showed the 
wing results for the conditions given 
e, in each case, cable size was in- 
ed and 100% load factor maintained. 


or a given number of loaded ducts: 
1 duct-bank loss increases, idle duct 
erature increases. 

or a given total duct-bank loss: Num- 
f loaded ducts decreases, idle duct tem- 
ure increases. 

or a given idle duct temperature: Num- 
of loaded ducts decreases, total duct- 
loss decreases. 


CTICAL CASE 


1e typical duct bank in an industrial 
t comprises cables of unequal size 
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and loading. Hence it does not agree 
with the assumptions used for IPCEA 
tables. The IPCEA states, however, 
that current ratings for such a bank can 
be estimated from their tables with a 
fair degree of approximation by selecting 
the symmetrical arrangement that most 
nearly corresponds, gives approximately 
the same total watts loss in the duct 
bank, and gives the same group ambient 
(idle duct) temperature.> These condi- 
tions imply some compromise solution for 
determining current-carrying capacities 
and resultant duct-heating effect in a 
mixed bank of underground ducts. 


SOLUTIONS FOR MIxEpD BANKS 


The authors investigated three solu- 
tions for checking duct heating in mixed 
banks. Solution A utilized IPCEA cur- 
rent-capacity charts plotted in curve form. 
Maximum current-carrying capacities for 
wires of the same type but different size 
were determined on the basis of equi- 
valent ducts. It was assumed that the 
differences in duct heating effect were 
negligible for various sizes of wire in duct 
banks with the same number of equivalent 


ducts. An equivalent duct represented 
a duct whose cables carried 100% of 
allowable current. The mechanics of the 
solution were trial and error. 


Solution B was based on the total duct- 
bank losses. As an approximation, it 
was assumed that current ratings for 
groups of cables of unequal size and un- 
equal loading could be established by 
basing the maximum rating of each cable 
on a homogeneous bank of the same size 
cable. Each such homogeneous bank 
would have the same total duct-bank 
losses as the original bank. Solution B 
is the method proposed by the authors and 
is described in detail elsewhere in this 
paper. 

Solution C was similar to B except that 
the basis was idle duct temperature rather 
than total duct losses. In the solution, 
duct temperature was based on total 
duct losses. 


Solutions A, B, and C gave the same re- 
sults for a given homogeneous duct bank. 
As the duct bank became mixed, how- 
ever, the results began to differ slightly. 
For a given mixed bank, solution A gave 
the highest relative current ratings for 
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60 C 75 C 85 C 
60 C 75 C 85 C COPPER COPPER COPPER 
COPPER COPPER COPPER ; 
20 C Ambient .87 1.00 1.07 20 C Ambient .87 1.00 1.07 
30 C Ambient 75 . 90 .99 30 C Ambient 75 .90 99 
Fig. 1. Current-carrying capacity of thermoplastic- and rubberlike-insulated cable, 0-6,000 volts, 75 C copper, 20 C ambient 
; A—Three single-conductor shielded, one 3-conductor shielded, or three single-conductor nonshielded 
B—One 3-conductor nonshielded 
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small wires and lowest relative ratings 
for large wires. For the same bank, 
solution C gave the lowest ratings for 
small wires and highest ratings for large 
wires. The authors had no firm basis to 
determine which of the solutions gave 
the more nearly correct results. Since 
the results were very close, a prime 
factor in the recommendation of solution 
B was the simplicity in mechanics of 
solution. 


Proposed Solution 


ASSUMPTIONS 


The proposed solution for making a 
design check for overheating in under- 
ground ducts is based on the following 
assumptions and conditions. 


1. The maximum current ratings for vari- 
ous sized cables are based on total duct-bank 
losses. 


2. Duct-bank temperature is assumed con- 
stant for determining maximum current 
ratings. 


3. Within a given bank, the individual 
ducts vary in their ability to dissipate heat. 
This is taken into account by locating loaded 
cables in outside ducts, with the largest heat 
generators in corner positions. 


4. The data included in this paper are 
based on 100% load factor. Load factor 
is the ratio of the average load to maximum 
1-hour load during a 24-hour period. 


5. In order to establish data for duct- 
bank loss curves, it was necessary to cal- 
culate current-carrying capacities for duct 
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Fig. 3. Current-carrying capacity of varnished-cambric-insulated cable, 
0-5,000 volts, 85 C copper, 20 C ambient, three single-conductor non- 
shielded or one 3-conductor nonshielded 


For 30 C ambient, multiply by 0.92 


nie alse 


Fig. 2. Current-car- 
rying capacity of 
rubberlike-insulated 
cable, 10,000-15,- 
000 volts, 75 C 
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banks in excess of IPCEA tables. These 
calculations were based on extended curves 
values of the NELA constant. A sample 
calcuiation is included in the Appendix. 

6. The change of a-c resistance in cables not 
fully loaded is assumed negligible. 


7. Itis assumed that the over-all accuracy 


-of the solution is not decreased by basing 


maximum current-carrying capacities of 
different types of wires on the same value 
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Fig. 4. Current-carrying capacity of paper-insulated cable, 15 
volts, 81 C copper, 20 C ambient, three single-conductor shield 


For 30 C ambient, multiply by 0.91 
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60 C 70 C 75 C 85 C 
COPPER COPPER COPPER COPPER 
. 86 - 96 1.00 1.08 
73 90 99) 


-85 


of total duct-bank losses. This ass 
tion is based on data calculated fre 
Figs. 1-4. 


CURVES 


Figs. 1-4 were plotted from data t 
from homogeneous banks where all ¢ 
were the same size and type and 
equally loaded. The curves applytot 
than one cable type where results a: 
sentially the same. Correction factors 
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Table I. 


Example of Duct-Bank Heating Check 


Duct Bank From Sw-Hse 24 


ST 


Cables 600 v RHW, 3-1/C Spares 2 
To Manhole 241 5,000 v VC, 3/C, Nonshielded Ambient 20° 
Name Load Use Circuit Circuit [Dielectric Adj 
. , : justments 
‘ a or Kva Plate, Amps Wire Fig- | u-Ohm/Ft Loss, Loss, I, Not | Wire A, I 
oe ating Amps 1 Size ure R PR Wpd Max. OK Size | R | I?R | I?R | Max. 
| 2 Oe eS ee ae ee Riaeyil Sig MiireOin le a10s |. eck = 12.4 ld 15 | 16 
Oe nuit 9 12 1A 5,800 0.47 22 
, F 2 23 
7.5) 11 9 12 1A 5,800 0.47 22 23 
7.5 11 DY 12 1A 5,800 0.70 22 23 
7.5 11 11 12 1A 5,800 0.70 22 23 
25 32 25 8 1A 2,340 1.46 37 40 
25 32 30 8 1A 2,340 2.10 37 
? , 40 
25 32 30 8 1A 2,340 2.10 37 40 
mi 52 40 6 1A 1,470 2.35 48 x 4 925 1.48 —0.87 67 
3 52 50 6 1A 1,470 3.68 48 x 4 925 Zot —1.37 67 
75 93 75 0 1A 372 2.09 103 112 
i 75 93 85 0 1A 372 2.68 103 
¥ ¢ E12 
2 100 123 100 00 1A 300 3.00 118 a 127 
3 100 123 120 00 1A 300 4.32 118 DS 127 
4 500 63 60 4 3 955 3.44 0.11 68 72 
5 500 63 60 4 5 955 3.44 0.11 68 72 
6 2,000 242 215 350 & 123 5.68 0.24 230 x 0.87 2 
, : : —0. 43 
ae 45 54 40 6 1A 1,470 2.35 48 x 4 925 1.48 —0.87 67 
-2 45 54 54 6 1A 1,470 4.28 48 x 4 925 2.70 —1.58 67 
Ee 100 120 85 0 1A 372 2.68 103 x 00 300 Zale —0.51 127 
R-2 750 104 90 0 3 384 oell 0.17 118 123 
51.10 —5.20 watts/ft 
0.63 0.63 
51.73 56.90 
2 spares, each at 1/20X51.73 5.17 —5.20 
Total duct-bank losses, W=56.90 watts/ft W= 51.70 watts/ft 
Table Il. Circuit Constants for Use With Figs. 1-4 and Table | in Duct-Bank Calculations* 
Fig. 1(A) Fig. 1(B) Fig. 2 Fig. 3 Fig. 4 
e Size Rat 75 C Wa at 5 Kv Rat75C Wa at 5 Kv Rat 75 C Waati15 Kv R at 85 C Wa at 5 Kv Rat 81C Waati15 Kv 
a Gaetan: QUEUES). terete chen ie t ae a OSLO S ateste ts ate G3 xlecante OS Poi wae ars anh 64s 6 cei cae; OSSD. wer eins Lif: eens APA 0.38 
ie Be. tis eh he A ik ee 88 ae CIES LE Reine teed oe SS. Fey ear eRs DIG 8 yee 8 ire oe OO eee 2 OD iis oc eee {ier ARIS 0.34 
[2]. oe KOs Sa: OF MON SA ees TO: eae ONOSSR Re. cee TOR ee OU5TeR ae TOS eer a: O20 eee 1D 1k raree rey 0.29 
io TS eWe tu, OnOOGNRe ota TSS eee ONOTAe eens ISS)e, axes EEE & ce cee en, SIL Rs A oh On2oNa ares 140s 0.27 
Le MG Eyota: ODSE Sie tee LGA ox coe. ocise, (RVG bse ca omree 164 cccee cc UE [le ca eRe eae ar GS i vaicei-o\ sue DOT ea acc, rege LOU anne s 0.25 
. ae 2) Ieee ae OHO BS Airco. 5 OT peanuts HOT Reutiaste sone 191. Sees OF 4 Tigi ea tse her TOT eee O22 ote eee OSS Aa ceiaee 0.24 
| re NAV oe Se OS OSs scien aes ZA 8... ede ODOG eo sarees 240 cote. ONE Bovany sletcstisvast DAGio. scales O20 ee ere PLN ee Sere, 0.22 
1 ——— [0 LE aren [Cia ee Aes cra SOO). ce eevee OOGixisis crectis xe BOO eaten: OE AOE nga irate. atl, BOD wise oo OLS tas octets S08 secteene 0.20 
| 2 By Pee ae QUO ane eescoveca Sac ee O205 era Seperate By Pi aoe aie OUST aseeee one S840 ae ee OCD Soares SSO on aie eee 0.19 
. Jae 155215) ket ower PeMee ORGS ear eee ia}: Sieur Papi OOS rs are atte BSS cia 2 ree SO! Rita huthaace BOS. gee reat OE si soniantaee GOO earners 0.15 
. (ae Lee ess techs a cere. fe een G25 2-5 custepttoaste ee cane ees ek O25 stesso ROS. tee sh ales vat etheje G55. ae seins OO: Liners aweer UL iene cure 0.12 
[ers Lice 6 an he ol eg eae EATON. dtetong were aie ecstene 1 er 70 bie ek QUT ey tntcete sone TDL O Saree OROSR. 2... sine 1,500.50 ee 0.09 
-. Eee PAO Serre t ences vis, ssi sastemiest a efav ais an CARES Pea so 3.8, Om CE MESOSCALE HCE OORT CTTOU PCLT kc Aer och Ue Cote DAT Ota acoone 0.04 
1 ee eae OU erate ene meee ane cies auctor 3,660 
Be ee 5 stan By BOO Mea tie weet ee ear 5,800 


=circuit a-c resistance in microhms per foot at specified temperature. 


loss for cables below 3 kv. 


luded for variations in ambient and 

bper temperatures which are given in 

prees centigrade (C). The correction 

ors are based on the formulas used 

IPCEA in calculating their current- 
ing capacity tables.® 


ADS 


[he duct-heating calculations are based 
load currents. The recommended 
10ds of handling the more common 

bes of loads are as follows: 


tor Feeders. The normal operating 
rent of the motor is used. This value 
ipproximately equal to 


sy 1960 


operating brake horsepower 


nameplate horsepower 
nameplate amperes 


Lighting and Power Feeders. These feeders 
are usually sized to handle some expansion. 
The load currents used should represent the 
ultimate load. For transformers, this is 
nameplate current. 


Intermittent Loads. Circuits such as con- 
trols, alarms, and welding feeders normally 
supply little or no load and therefore are 
negligible. If an operating and a spare 
motor feeder are in the same duct bank, the 
operating motor only is included in the 
calculations. If the operating and spare 
feeders are in separate banks, both are con- 
sidered as operating. 


W.=circuit dielectric loss in watts per foot at specified operating voltage. 


Omit dielec- 


Spare Empty Ducts. Spare empty ducts 
are considered as possible future loaded 
ducts. If the future load is known, its 
value is used in the calculations. Other- 
wise each empty duct is assumed to con- 
tribute an average value of watt loss to duct 
heating. 


PROCEDURE 


The procedure is a tabular step-by-step 
method of determining duct losses, ob- 
taining maximum current capacities, and 
revising cable sizes as required to elim- 
inate overheating. The procedure is best 
explained by following through an ex- 
ample of atypical bank. Table I sets up 
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the problem. The solution follows these 
steps: 


Columns 1 and 2. Enter the number and 
rating of each circuit. Include only those 
feeders that contribute to heating. 


Column 3. Enter the nameplate or maxi- 
mum current of each circuit. 


Column 4, Enter the value of normal op- 
erating currents. These are the values 
used as a basis for duct heating. 


Column 5. Enter the minimum wire size 
as determined from code or voltage drop 
requirements, whichever is greater. 


Column 6. Designate the governing cur- 
rent-carrying chart for each circuit based on 
wire type. 


Column 7. Enter the circuit a-c resistance 
from Table II. 


Column 8. Calculate the J?R loss based on 
operating loads and totalize. 


Column 9. Enter the dielectric losses from 
Table II and totalize. These values will 
be zero for all 600-volt wire. 


Add Column 8 Plus Column 9. Add the 
allowance for spare ducts. This gives total 
duct-bank losses for checking maximum 
current-carrying capacities. 


Column 10. Enter the maximum allow- 
able current-carrying capacities from Figs. 
1-4, using temperature correction factors 
as required. 


Column 11. Indicate those circuits for 
which the allowable currents are low. The 
maximum allowable current should equal 
nameplate current from column 3. This 
will allow any one load to operate at its 
nameplate capacity. The increased losses 
for operation of one such load above normal 
operating conditions are assumed negligi- 
ble. 


Columns 12-16. If allowable currents are 
too low, wire sizes must be changed on some 


of the feeders. It is not usually necessary 
to change all affected circuits. The change 
in a few circuits may decrease the total 
watts loss sufficiently toincrease other ratings 
to an acceptable value. Inspection of the 
affected circuits and current-carrying capac- 
ity graphs will give a good indication of 
what total change in watts loss is needed. 
In some cases, it may be more economical 
to reduce the watts loss by changing circuits 
that initially are satisfactory. For ex- 
ample, a change from no. 6 to no. 4 American 
Wire Gage at 600 volts might accomplish 
the same result as a change from 350 MCM 
(thousand circular mils) to 500 MCM at 5 
kv. 


Conclusions 


A solution has been outlined for check- 
ing cable heating in mixed underground 
duct banks. The simplicity of the solu- 
tion makes it readily usable as a design 
tool. The solution contains certain as- 
sumptions and variables. It is believed 
that refinements to the solution would not 
greatly affect over-all accuracy because of 
the inherent inaccuracies in estimating 
basic quantities such as ambient tem- 
perature, ultimate loads, and extrane- 
ous heat sources. Refinements, or en- 
tirely new solutions, will come as more 
knowledge is gained in the field of buried 
cables and pipes. 


Appendix. Sample Calculation 


The following sample calculation is for 
duct banks larger than considered in IPCKA 
tables: 


Sample calculation is for 500-MCM wire, 
Fig. 1(A) 


T,=copper temperature=75 C 
T,=ambient temperature=20 C 
N=loaded ducts=15 
H=NELA duct constant =0.70 for 15 duets 
based on extended curve of NELA 
constants versus loaded ducts — 
¢=thermal resistance of circuit =2) 
thermal ohms per foot based on back 
check of IPCEA table 
Rq=thermal resistance of duct bank = NH 
10.50 thermal ohms per foot 
W=total circuit losses=7e—Ta/Re+Ra= 
4.28 watts per foot 
NW = total duct-bank losses = 64.2 watts f 
foot ; 7 
R=circuits a-c resistance in microhms p 
foot =87.5 from Table II 
Wa=circuit dielectric loss in watts per foot= 
0.11 from Table II 


_ .[W-Wa _ ./4.28—0.11 
~ WVR>x«107° =Y87.5x 1078 
=218 amperes 
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Discussion 


A. R. Kelly (Esso Research and Engineering 
Company, Madison, N. J.): The authors 
and their company are to be complimented 
on their continuing effort to sharpen the 
calculating method for current ratings in 
mixed duct banks. When they introduced 
their solution A some years back, they 
recognized that partially loaded cables do 
not contribute to mutual heating as much as 
fully loaded cables do. Now, in their solu- 
tion B, they allow for the fact that a no. 12 
Awg (American wire gage) conductor emits 
fewer watts per foot than its 4/0 Awg 
neighbor at the same temperature, and that 
this affects the relative contribution of each 
to the duct-bank mutual heating problem. 
In solution B, an orderly extension is 
attempted of the IPCEA tables for homo- 
geneous duct banks to cover duct banks with 
mixed cable sizes, mixed cable loadings, (in 
per cent of individual cable ‘full’ loads), 
and mixed cable constructions and copper 
temperatures. Of the two criteria listed by 
IPCEA for approximate duct bank equiv- 
alence, that of equal total duct-bank loss 
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is respected while that of equal group am- 
bient appears to be neglected. 

Appraisal of solution B leads quickly to 
the conclusion that proper means have not 
yet been included to account for rated copper 
temperatures other than those for which the 
curves and Table II were derived. This is 
shown by the following example: 

Two duct banks are assumed, one with 
four ducts and one with ten. Each duct 
bank dissipates 38.1 watts per foot, and 
ambient earth temperature is 20 C in both 
cases. Each duct contains one fully 
loaded low-voltage cable, and all cables are 
identical in wire size and construction, so as 
to have an identical thermal resistivity R, 
(including surface radiation to the inside of 
the duct wall) of 3.1 thermal ohms per foot. 
The only differences is that in duct bank no. 
1, with ten ducts, the cable insulation is 
suitable for conductor temperature of only 
60 C, while in duct bank no. 2, with four 
ducts, the insulation is suitable for 85 C 
conductor temperature. To find the rela- 
tive current-carrying capacities according 
to solution B, one presumably enters the 
appropriate Figs. 1-4 at 38.1 watts per foot, 
reads the ampere rating corresponding to 


the wire size (not fixed for this example), 
and applies the proper correction factors bex 
low the curves. This shows the curren 
rating at 85 C to be 28% above that at 603 
C. Using the 1PCEA calculation method 


Table Ill. | Example Based on IPCEA 
Symbols 
(see . 
Appendix) Duct Bank 1 Duct Bank 
LE GE Beha een ees OO" tS eR es 85 
Tas ce wen ee 20) octarsis, eecneeee eee 20 
IN cite oer CR 1 ae a ee ee So 4 
ts Gere cere 05 Oni Aarraac.c haere 0.93 
RCs ceeetiee wee Sik Weis doe 3.1 
RG Taree eon dey meron rs Se ta heat 3.72 
Wie 60 —20 85 —20 = 
3.14+7.4 3.1+4+3.72 
INU? E Sasi Seles SB liars qantas eee 38.1 
ER dacaeaneheeaeg ae OS Wrrcrdaeene 1.0857 
W@ir csp eee OQ. Sacdias aetna 0 
LSI (3.81 X108/r)1/2,..., (9.53  108/ 
1. 0857; 


from which J2/I; = (9,.53/1.085 X3.81)1/2 = 1.52) 


* Degrees C. 
+ Thermal ohms per foot. 
{ Watts per foot. 
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rated in the Appendix of the paper, 
ever, the 85 C current is 52% above 
for 60 C as shown in Table III. 

can thus be inferred that solution 
nnot be applied directly in those cases 
re copper temperature differs from that 
med in Figs. 1-4. Perhaps some modi- 
ion is possible, short of expanding these 
es to cover all possible copper tempera- 
Ss. 
e above example can be carried further 
lustate the neglect, by solution B in its 
ent form, of the requirement for equal 
p ambient (idle duct) temperature be- 
nH equivalent duct banks. Let Tg be the 
erature of the inner surfaces of the 
Then ; 


Re 
Ra 
Duct Bank 1 Duct Bank 2 
ME ce sein hac aN Bell S Bryce eg ce 
. Se Wena mene OTe 
_. eee COCs S'S 
... Qe ZO Sorta AES 
Se AS Le Re ee yee CODD CS 


ermal ohms per foot. 


difference in Tg for the two cases should 
n indication of the difference in idle duct 
peratures. 

ssuming additional curves, or some other 
hod of properly allowing for various 
ed” copper temperatures, there is still the 
tion as to whether solution B allows 
uately for mixing of rated copper tem- 
tures, cable loadings, cable sizes, or 
e constructions in the same duct bank. 
the results by solution B truly an ex- 
ion of the IPECA method? One answer 
his is that the IPCEA method cannot 
igorously extended to cover nonhomo- 
ous duct banks. This is due to the 
mption implicit in the IPCEA method 
the inner surfaces of all ducts are at 
same temperature 7, where 


WR: (1) 
Tat+(NW)H (1A) 


ile there may be an isothermal envelope 
rating the “inside” of the duct bank 
| the “‘outside,’”’ it seems clear for a 
ed duct bank that it neither includes 
inner duct surfaces nor is at tempera- 
Tq as defined by equation 1(A). 
nother approach is to ask whether, for 
special cases of homogeneity, solution B 
s the same results as the corresponding 
EA bases; the “weighted averaging” of 
tion B could be considered as having an 
rent possibility of error as great as that 
he extreme values between which it 
ages. Differences in wire size, and in 
le construction (affecting R,), are 
etly allowed for. The treatment of 
jal loading is questionable, however. A 
orm load reduction in a homogeneous 
t bank would, per IPCEA, cause a 
ction in Tg due only to the reduction in 
n equation 1(A). With the assumption 
d by the authors under column 11, the 
ting change in individual cable rating is 
ortional to the change in 


(aaa Ta)/Re] V2 


y 1960 


with Tg. In solution B, on the other hand, 
the rating is found by entering Figs. 1-4 
at a reduced total duct loss, NW. But 
since these illustrations were derived from 
IPCEA tables for fully loaded cables, a 
reduced value of NW implies in general a 
reduced value of N and some increase in H, 
in equation 1(A). The implied temperature 
Tq is therefore different in solution B from 
that per the IPCEA method, for partially 
loaded cables. There is a resulting dis- 
crepancy in the “new” ratings obtained by 
each method. 

Next consider the averaging basis itself, 
namely, the assumption of fully loaded 
homogeneous duct banks of such configura- 
tion (different from the actual) that the 
value NW is held constant. As demon- 
strated by the authors, this is a tenable basis. 
However, H is known for any particular 
duct bank, and the values NH and Ty are 
then easily obtainable from NW. One 
might prefer entering curves similar to 
Figs. 1-4, except plotted against Tg instead 
of NW; this would presumably be similar 
to solution C of the authors. 

The discussion so far has been kept within 
the authors’ stated acceptance of NELA 
duct-bank heating constants, which were 
derived for 3- and 4-inch conduits. Just how 
IPCEA allows for this, in listing ratings for 
cables as small as 14 Awg, it not clear. 
Perhaps the authors could clarify this point. 
Tf no allowance was made, then the ratings 
for these smaller wire sizes would be too 
high for the normal industrial practice, where 
conduit size is tailored to cable size. This 
is becatise the density of heat sources 
(cables) in the duct cross section is greater 
than assumed by the NELA constants. In 
such an event, the reduction in rating of 
small wire sizes from solution A to B should 
probably be carried further. 

Going further afield, other areas for fur- 
ther refinement, aside from duct-bank con- 
figurations, soil resistivities, etc., could be: 

1. Additional derating factors for cables 
in inside ducts. 

2. Credit for improved heat-flow pattern in 
duct banks with metallic ducts over those 
with nonmetallic ducts. 

It would be an interesting and possibly 
useful addition to this paper if quantitative 
results were presented giving the bases for 
the qualitative results listed under ‘‘homo- 
geneous duct banks.” 


treatment, as would any other imaginable 
treatment short of one requiring a com- 
puter for solution, must make some kind of 
simplifying assumptions, which, in them- 
selves, limit theaccuracy theoretically attain- 
able. Thus, in Table I the effect of chang- 
ing the wire size of five cables is uniformly 
distributed as a credit among the other 15 
cables, regardless of relative position in the 
duct bank. Similarly, no allowance is made 
for the heat-flow pattern in the earth, which 
would result for a homogeneous duct bank 
in the bottom center cable being the hottest. 
Considering these and other limitations to 
exact solution, any future solution which 
treats the problem more rigorously should be 
at least as simple to apply as the authors’ 
solutions A or B. 


R. D. Chamlee and D. E. McCall: Mr. 
Kelly utilized an example for homogeneous 
ducts to illustrate inconsistencies in the 
application of solution B. It was stipulated 
that duct bank 7 and duct bank 2 each dis- 
sipate 38.1 watts per foot. It should be 
noted that the 38.1 watts occur when the 
conductors are operating at rated tempera- 
ture. This is 60 C for duct bank 1 and 85 C 
for duct bank 2. To find the relative 
current-carrying capacities according to 
solution B, you should not select current 
values on the basis of 38.1 watts per foot. 
Instead, you must use a watt-per-foot value 
that corresponds to the base temperature 
rating of the appropriate Figs. 1-4. This 
is 75 C for Figs. 1 and 2, 85 C for Fig. 3, 
and 81 C for Fig. 4, 

We have revised the example outlined 
in the discussion. It now shows that the 
current ratings obtained by the two methods 
compare favorably. To obtain specific 
results, we limited the comparison to Fig. 
1(A) and chose a wire size of 3/0 Awg. 

In the IPCEA method of calculation, H 
is an empirical constant based on equally 
loaded cables of similar size, all located in 
outside ducts. In his discussion of Ta, Mr. 
Kelly assumes that H is known for any par- 
ticular duct bank. We do not feel that H 
can accurately be determined or estimated 
for mixed banks. Thus, Ta cannot easily 
be determined. The discussion of Ta 
illustrates that solution B does not give 
exact results. : 

As a matter of interest, we particularly 


Finally, it is recognized that the authors’ like solution C from a theoretic basis. From 
Table IV. Revised Example 
Calculation Basis Solution B 
Symbols Duct Bank 1 Duct Bank 2 Duct Bank 1 Duct Bank 2 
DRare iis REO 2 oe he eae enor GOP JOE LS hors cheats ae SO: Wiig. Geen ghee [ec CUA a ned oe 75* 
WING oh on yee Me ao tweraks AGRE ty DO ie Bikah te re raseeneree ce 20 ae. ee a ae ee DOR co no SEE 20 
TVS TALS overhear Det kage nee BOVE eer cede eres, wes Gee os care oh eee mee TIS! Geen Meee tect 55 
GN nts SoA ets Cae eee te RI LOR) as 4.. BAe Aaa 2, oe eee oes OR cree 4 
U2 Ran oe ON ei One Oe ee ee ORAS ait eer pees 0. Dak cate 5k. SOK et ORME tome adheres 0.93 
Tate Rtn Fett ce Se caren tel ee tye SLO ey Le « hee FAD aes Racer asare on Be eria aay Oe pee 3.25 
ROSA ING ar ene ae aes aces TAO 3, Stee othe aaa BIE een. ote ss ae Tc Ak eek Meets o.12 
Ricci di eetnswe ani. Cae LO A6D seh a ete ee 6.97 asthe tl kerio LO sO Ree Ace mae 6.97 
40 65 55 5B 
isso aunts aitact cies terre eke Sas ai ad On erent tetas —— $9.88... ....6.555 1, 1 Gaeta ences —— =7.89 
10.65 6.97 10.65 6.97 
INAV scishae ascot cohen caerana ae Eifel weere emer castes OFS Ts i TOLPN eee as oo sho eee DEO) Petes PON 31.6 
IR Regs NT Tne rae DZS LO waco csersete s,s s0n0 248 X 1076 
eee ema Met EL Nae LS ae 1821.07 
228 248 
=128 =194 = 126 =195 
* Base, 
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a practical view, however, we were not able 
to arrive at an acceptable and simple method 
of solution. The difficulty centered around 
the determination of idle duct temperature. 
The approach used by the authors made use 
of the total duct bank losses. The solution 
required two sets of curves: one to arrive 
at specified cable size and current rating 
for determining idle duct temperature, and 


a second set of curves which gave current 
rating based on idle duct temperature. 

We do not claim that any of the solu- 
tions, A, B, or C, give exact results. This 
was never the intent, due to the complexity 
of the problem and the inherent inaccuracies 
in quantitatively estimating the necessary 
data to arrive at an exact solution. The 
basic intent was to prepare a reasonably 
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Synopsis: In a control system, the tran- 
sient response can be determined accurately 
only. when the closed-loop poles of the sys- 
tem are known. The determination of the 
closed-loop poles involves in general a solu- 
tion of a high-degree equation, which is 
difficult when the degree of the equation 
exceeds two. While mathematicians have 
attempted to solve such equations analyti- 
cally, the control engineers have preferred 
approximate graphical solutions. The pres- 
ent paper suggests an extension of an already 
existing graphical method. The technique 
followed requires an asymptotic gain-fre- 
quency plot of the given open-loop transfer 
function. The plot is divided into three 
regions, viz., the high-gain region, the low- 
gain region, and the region near the cross- 
over frequency. The closed-loop real poles 
are determined for high-gain and low-gain 
regions from known relationships of closed- 
loop and open-loop functions. From the 
knowledge derived therefrom, the complex- 
conjugate roots (along with real roots, if 
any) are determined for the crossover fre- 
quency region. 


HE KNOWLEDGE of the transient 

response forms a very important part 
in the study of the performance of a 
feedback control system. The transient 
response can be approximately deter- 
mined from a knowledge of the frequency 
response of the given open-loop transfer 
function. Though several methods of 
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correlating the two exist, hardly any give 


reliable results. The Laplace trans- 
formation, on the other hand, is a correct 
analytical method of determining tran- 
sient response from known system transfer 
functions, provided the locations of their 
closed-loop poles are known. Unfor- 
tunately, the determination of the closed- 
loop poles is rather difficult because it 
involves solution of a polynomial char- 
acteristic equation of the form 1+G(S) = 


0, where G(S) is the given open-loop — 


transfer function of the complex fre- 
quency S. In general G(S) is a third to 
fifth order polynomial in S. -It is also 
known that, while straightforward solu- 
tions exist for quadratic equations, no 
such direct equations are available for 
higher degree equations. Special meth- 
ods are therefore necessary for solving 
them. 

Many workers have found solutions of 
such high-degree polynomials by num- 
erical methods, e.g., Graeffe! and Lin.%3 


By nature such methods are laborious, 


and satisfactorily accurate only when 
sufficient rigor is imposed. The control 
engineers, on the other hand, prefer 
approximate but quick graphical methods 
for the solution of such equations. 
Evans! was one of the workers who had 
attempted to find the closed-loop poles 
graphically. His ‘root locus’ method 
was published in 1947 and since then it 
has opened to later workers an approach 
full of possibilities. While giving due 
credit to Evans for his novel approach, it 
must be admitted that plotting a root 
locus is not aneasy job. Because of this, 
many have since worked either on the 
simplification of his method or in finding 


accurate solution that was easy to use and, 
therefore, would be used. Some of 
possible refinements mentioned in the 
paper and discussions are themselves st 

jects of controversy and are difficult 
apply on a general basis. With the soly 
tion outlined in the paper, a particular use 
may modify or refine the solution so as 
to fit his needs. 


other parallel methods, notably the follo 
ing: Kusters and Moore,’ Russel 4 
Weaver® (an extension of the meth d 
developed by Profos’), Chu,® Yeh,? Bie: 
son, and Chen.!4 

The present paper follows closely the 
methods adopted by Biernson™ and 
Chen!! as regards the determination of t 
closed-loop real poles, and aims at furtk 
simplification and rapidity in obtaini 
the closed-loop complex poles of a feed 
back control system. 


Rough Approximation of Closed- 
Loop Pole Locations 


Fig. 1 represents a typical feedback 
control system, where G(S) is the open 
loop transfer function, R the reference 
input, C the response, and £ the ert 
R-C. Thus, the open-loop transfer fu 
tion : 


the closed-loop system function 
C_ GS) 


Re TGCS) 
and the error transfer function 


ot em e 
R° 1446(S) 


In general G(S) may be represent é 
as, say, 
K(S+a1)(S-+-a2) 

SOS +b1)(S++b2)(S +b3)(S+b4) 


where b> b3>a2>a:>b2>b, K is the ge 
factor, a, and a2 are the open-loop 

locations, and bi, be, bs and by the ope 
loop pole locations, together with a pe 
at the origin (S=0). The asympto 
gain-frequency plot of G(S) is next ¢ 
tained easily!? and is represented in F 
2. It is clear from this plot that at 
certain frequency w,, known as the cro 


G(S)= 


Symbolic representation of feedba 
control system 


Fig. 1. 
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1 
b, b, a, a, We bs bg 
W (RADIANS/SEG) 


| .2. Asymptotic gain-frequency plot of 
equation 4 


jr frequency, the gain becomes 0 db 
cibels), i.e., IG(S)| =1; on one side of 
jthe gain increases with diminishing 
Huency and on the other side the gain 
reases with increasing frequency. 
badly, the whole plot can be divided 
» three regions: 


High-frequency low-gain region. 
Low-frequency high-gain region. 


Crossover frequency region. 


hough there are no sharp lines of 
narcation between these regions, the 
5-db lines have been arbitrarily chosen 
Chen! for approximate studies, 
nly because these lines can be con- 
ered as sufficiently away from the 
Ssover frequency a. 
ow, for the low-gain region (i.e., be- 
—15 db), G(S)<<1; therefore 


G(S) ye € 
a5 -E 


, the open-loop transfer function. The 
sed-loop poles therefore correspond to 
open-loop poles, i.e., poles of G(S) of 
B region (S=—ZJy). 

‘or the high-gain region (i.e., above 
5 db), G(S)>>1; therefore 


a eee 
HeG(S) GS) C/E 


the reciprocal of the open-loop 
nsfer function. The closed-loop poles 
refore correspond to the open-loop 
os, ie., zeros of G(S) of this region, 
—a). Since the other zero at S= 
2 lies very near to the +15-db line, 
an also be approximately considered 
another closed-loop pole. It is to be 
ed here that the poles of E/R are 
sidered in this treatment instead of 
seof C/R. In practice, since the poles 
E/R and those of C/R are identical, 
h a treatment should be valid. 

onsidering the region of G(S) within 
+15-db lines, the existence of a 
sed-loop pole can be expected near 
crossover frequency. In fact, the 
ninant closed-loop complex poles of 


sy 1960 


the system function which are responsi- 
ble for the quality of the transient re- 
sponse are located near w,. Determina- 
tion of the closed-loop poles in this region 
is therefore of prime importance, though 
simple approximate relationships like the 
other two regions are not available here. 
However, a knowledge of the locations of 
closed-loop poles determined in the other 
two regions can help in reducing the 
order of the characteristic equation 
1+G(S)=0. For example if G(S) of 
equation 4 is taken, it may be seen at 
once from Fig. 2 that S=—a,, S=—ay, 
and S=—b, are the locations of the 
approximate closed-loop poles and, fur- 
ther, that for the frequency region 
considered (the +15-db region) bi<bo<a; 
<<|s|<<tu. The new reduced form of 
G(S) is then 


KS(St+a) _ K(S+a) 


G(S)= = 
SSS(S-++b3)bs  b4S?(.S+-bs) 


(5) 
The closed-loop system function is there- 
fore 

Comc(S) K(S+az) 


R 1+4G(S) K(S+a)+S"S+h)%, ‘© 


and the characteristic equation 
1+G(S)=S*S+bs)bat+(S+a2)K=0 (7) 


Evidently it is a third-degree equation, 
whereas the original polynomial was of 
fifth order. The solution of this third- 
degree equation is not really difficult when 
one considers that the approximate value 
of its only real root has already been 
located (at S=—az). Ifequation 7 is now 
divided by the known real root factor 
(S+a2), the resulting equation is a 
quadratic and hence the conjugate com- 
plex roots are immediately obtained. 


Shift of Approximate Pole Locations 
From Actual Closed-Loop Poles 


The closed-loop poles so far determined 
are only approximate because the open- 
loop poles coincide with the closed-loop 
poles only at zero gain, and the open-loop 
zeros coincide with the closed-loop poles 
only at infinitely high gain. Since in 
practice these two extreme limits of gain 
are not involved, the actual closed-loop 
poles must be situated in slightly differ- 
ent locations. 


DIRECTION OF SHIFTS 


The direction of shifts of the approxi- 
mate real poles can easily be determined 
if a simple application of the root locus 
method! is considered. 

It is known that a closed-loop root is 
determined by a point defined by 1+ 
G(S)=0, so that |G(S)|=1 and Z2G(S)= 


x POLES o 
© ZEROS x 
3 

REAL AXIS » 


bz b3@, @, bp by 
Fig. 3. Pole-zero configuration of G(S) of 


equation 4 on S-plane 


180 degrees+n 360 degrees, where is 
any integer including zero. If, now, the 
pole-zero configuration of G(S) in equa- 
tion 4 is represented in Fig. 3, it may be 
seen from the consideration of ZG(S) that 
there are no possibilities of the existence of 
real poles to the left of a; or to the right of 
ad, and by, The approximate closed-loop 
pole located at a; must therefore move to 
the right and the poles at a2 and b, to 
the left, in order to reach the actual closed- 
loop real pole locations, 


MAGNITUDE OF SHIFTS 


The magnitude of shifts, as has been 
determined by Biernson,” applying a 
numerical reiteration process, is reason- 
ably accurate. If the magnitudes of 
shifts at S=—a,, S=—ae, and S=—d, 
are denoted respectively by 6a1, da2, and 
6b4, then 


dor=| (Storr | ae (8) 


If da; indicates a large percentage shift, 
a second approximation is applied where 


ne wis 

x -[stogs],. ERs os 
The correct sign of + 6a; in equation 8(A) 
obviously depends on the direction of 
shift of a1, as determined in the foregoing 
section. 

If, still, 6a,’ shows a large percentage 
shift, a third approximation or, as neces- 
sary, more stccessive approximations 
may be made until the difference between 
two consecutive shifts as 6a: and day’, or 
6a,’ and 6a,", etc., almost vanish. At this 
stage the value of 6a; obtained is reason- 
ably correct. 

Similarly, 


1 
6a. = [stongts |, Zi 
5b4= [(S+s)G(S) ]s = —d4 


In like manner, the magnitude of shifts 
6d2 and 6b4 can be determined with in- 
creasing accuracy from successive approxi- 
mations. 

The accurate locations of the closed- 
loop real poles have now been obtained at 
S=—a,+6a, S= —a.—6a2, and S= —hy— 
6b4; see Fig. 3. 
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Shift of Closed-Loop Complex Poles 


It is not possible to determine the 
magnitude and direction of shifts of 
closed-loop complex poles in the same 
manner as those for real poles. However, 
once the approximate locations of the com- 
plex conjugate poles have been obtained, 
and equation 7 and a known real root 
factor S++-a, applied, the generalized fre- 
quency response plot®!° can be con- 
veniently applied for a restricted region of 
the S-plane where the closed loop complex 
poles have been located. This very re- 
stricted plot would greatly save the labor 
involved in Biernson’s method! of 
plotting an extensive region in the S-plane. 
A complex pole in the S-plane can be de- 
fined in terms of |S | and ¢, the damping 
ratio of the pole; see Fig. 4(A). G(S) 
is calculated for a few values of |.S| corre- 
sponding to a few values of ¢ and the gain 
(db) and phase angle of G(S) are plotted 
against |.S| for several values of ¢. Then 
a point on the constant ¢ curve which 
corresponds to G(.S) =0 db (magnitude 1) 
and ZG(S)=180 degrees+n 360 degrees 
represents accurately the location of a 
closed-loop complex pole; see Fig. 4(B). 
The other complex pole is its conjugate. 


EXAMPLE 


An example is taken from Biernson” 
and Chen.!! Here 


S 
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Fig. 4. A—Location of complex poles in S- 
plane. B—Generalized frequency response 
plot 
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The asymptotic gain-frequency plot of 
equation 9 is given in Fig. 5. The plot 
is divided into three gain regions as sug- 
gested. In the high-gain (above +15 
db) region a closed loop pole is located 
at S=—0.2 and another is located 
approximately at S=—1 (because it is 
almost on the +15-db border line). No 
closed-loop poles can be immediately 
located for the low-gain (below —15 db) 
region. However, the open-loop double- 
order pole at S=—16 may be considered 
to be made up of two single-order poles 
located at S=—16 K and S=—16/K, 
where the constant K, though arbitrary, 
should not be greater than 2.11 The value 
of K(=1.4) was so chosen that the higher 
frequency open-loop pole at S=—16 K 
=—16X1.4=—22.4 may be located in 
the low-gain region, resulting in a prob- 
able location for a closed-loop pole. The 
other pole is then located at S= —16/1.4 
=—11.4 and is well within the +15-db 
region. Thus 


Si eae 
pis ———— 2x 
(+) 1g 110) 


1 
jg SH UA(S+22.4) (10) 


and a closed-loop pole is located approxi- 
mately at S=—22.4, The approximate 
locations of the closed-loop real poles 
are therefore at S=—0.2, S=—1 and 
S=—22.4. 

A pole-zero configuration of G(S) of 
equation 9 interpreted in the manner of 
Fig. 3 indicates that the shift of the 
approximate pole at S=—0.2 is in a 
decreasing direction and the shifts for 
poles at S=—1 and S=—22.4 in an in- 
creasing direction. 

The magnitude of shifts is: 


At S=—0.2, 6-0.2=+0.0016. 
At S=—1.0, 6-1.9=—0.25. 


Considering this to be a large percentage 
shift, successive approximations are ap- 
plied in a way already discussed. The 
magnitudes of shifts are obtained as 


61.0’ = —0.87, 6-1.0’’ = —0.45, 
5-1.0/’’ = —0.47 


Because the shifts are rapidly converging 
‘"’=—0.47 may be considered as 
sufficiently accurate. 

Ne = —22.4, b-2.4= —4.0, and in the 
next successive approximations 6~29.4’ = 
—2.5, b-29.4'’=—2.9. The shift do.4/’= 
—2.9 may be considered as sufficiently 
accurate. 

The accurate closed-loop real poles can 
now be said to be located at 


d—1.0 


S=—0.2+0.0016 = —0.198 
S=—1.0—0.47=—1.47 
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Fig. 5. Asymptotic gain-frequency plot 
equation 9 


S=—22.4—2.9=—25.3 


The approximate closed-loop comp 
poles will now be discussed. Rew 
equation 9 yields 


4 256(S+0.2)(S+1) 
S(S+0.04)2(S-+16)? 
_ 4X 256(S+0.2)(S+1) ) 
~ S(S+0.04)%.S+11.4)(S+22.4) | 


G(S)= 


Again, in the frequency region now be 
considered (the +15-db region), 0.0 
0.2<<|S|<<22.4, and equation 11 
duces to q 

4X 256S(S+1) 45.6(S+1) 


G(S) = ———__§_———_ = 
‘2? SS(S+11.4)X22.4 S%\S+114) 


Therefore, the characteristic equat 
follows: 


1+G(S) =S2(S+11.4)+45.6(S+1) =0 { 


If S=—1.47 is considered to be the of 
real root of this third degree equati 
then dividing equation 13 by (S+1: 
yields quadratic 


S?+25(4.97) +31 =0 


So that S=—4.97+ j2.53, showing th 
location of the closed-loop complex pol 
Also 


S=a/3i = or 


The locations of closed-loop comp 
poles as defined by equation 14 are o 
approximate, and to obtain the accur 
values a generalized frequency respo 
plot is drawn for || =5, 6, and 7, and 
¢=0.7, 0.8.and 0.9. 

Fig. 6 shows the plot for G(S) of eq 
tion 9 for the aforesaid values of |S | ant 
A careful study of Fig. 6 reveals that of 
for values of ¢=0.73 and \s|=e 
the required gain and phase conditt 
are satisfied. The corresponding comp 
pole locations are S= —4,12 +7 3.86. 

The final results are: 
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). 6. Generalized frequency response plot 


of G(S) of equation 9 


ication of closed loop real poles at S= 
p.198, S=—1.47, and S= —25.3. 


ation of closed loop complex conjugate 
es at S= —4.124- 73.86 and S= —4.12— 
.86. 


€ results compare well with those deter- 
ned by Biernson” and Chen.!! 


nclusions 


he methods suggested in this paper 
empt further simplification over those 
esented by Biernson™” and Chen! in 
e determination of closed-loop poles near 
e region of crossover frequency. For 
e sake of comparison it may be stated 
at Biernson used an extended general- 
d frequency response plot in place of a 
palized one as presented here, because 
e approximate closed-loop complex pole 
ations were not readily available by 
5s method. On the other hand, Chen 
ed the charts due to Yeh® in the final 
ages of analysis to determine the 


closed-loop complex poles. The methods 
of Biernson and Chen thus require tem- 
plates or extensive charts. Considering 
these facts, the approach presented here 
seems less laborious, though sacrificing a 
little in accuracy. 


Regarding the determination of closed- 
loop poles in the high-gain and low-gain 
regions, along with the determination of 
magnitudes of shifts of the approximate 
closed-loop poles, the method of Biernson 
has been followed. Whereas, in deter- 
mining the direction of shifts, a more 
general viewpoint using the S-plane plot 
of the pole-zero configuration of the 
open-loop transfer function G(S) has been 
employed. 

It is known that the transient behavior 
of a control system is generally guided 
by the location of its closed-loop poles 
near the crossover frequency region. 
The number of such closed-loop poles 
lies generally between two and three in 
this region for all stable control systems. 
Thus either a pair of complex conjugate 
poles, or a real pole together with the 
pair of complex conjugate poles, will in 
general be obtained in this region. This 
striking phenomenon, that not more than 
three closed-loop poles would normally 
exist in the crossover frequency region of a 
stable control system, makes the deter- 
mination of the closed-loop poles easy by 
the approximate method presented in this 
paper. It is to be noted further that the 
low-frequency closed-loop poles have 
an effect on the settling time and also add 
long tails to the tramsient response, 
whereas the high-frequency closed-loop 
poles do not. It is apparent therefore 


that while the low-frequency poles should 
be determined accurately, a rough deter- 
mination of the high-frequency poles is 
sufficient. 
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The Selection of Electric Winder Drives 
~ for the Paper Industry 


M. H. FISHER 


MEMBER AIEE 


sLECT RIC winder drives are used 
w universally throughout the paper in- 
istry, and electric backstand brakes 
e being used in increasing numbers as 
ese winder drives are required to service 
e new wider and faster-speed paper- 
aking machines. D-c adjustable volt- 
e winder drives are used on all modern 
sh-speed winders. Although some 
yall, slow-speed winders utilize a-c 
ives, this paper will concern itself with 
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d-c drives having either mechanical or 
electric backstand brakes. 

The paper mill winder must be fast 
enough to keep ahead of the paper- 
making machine which it serves. To do 
this, the winder must operate at two to 
three times the maximum speed of the 
paper machine. Difficulty in keeping up 
with the paper machine production im- 
creases with paper machine speed and the 
number of shipping rolls desired from each 


machine roll. Paper machines designed 
to operate at 2,000 and 2,500 fpm (feet 
per minute) are followed by winders 
able to operate at 5,000 to 6,000 fpm. 
Of course, as the speed and width of the 
winder and the tension in the sheet be- 
tween the unwind stand and the winder 
increases, the hp (horsepower) required 
to drive the winder increases, and the 
drive performance requirements are more 
stringent. 

With few exceptions, paper winders are 
of the 2-drum surface type with the ship- 
ping rolls being wound on top and between 
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Fig. 1. 


Direct-connected 2-motor winder 
drive for 226-inch-wide 4,000-fpm, kraft 
paper winder with mechanical brake 


the two drums. The drums may be 
driven by individual motors or a single 
motor direct-connected to one drum, and 
geared or belted to the other drum. The 
belting may be of the fixed or adjustable 
ratio type. The winder builder and/or 
the user decide whether a single-motor 
drive or a 2-motor drive is the better 
suited for a given application. The elec- 
trical manufacturer can build either type 
with equal success. A 2-motor winder 
drive is shown in Fig. 1. 


Experience has shown that if two 
motors are used the load on the motors 
is not generally divided equally; thus the 
sum of the hp ratings must be about 1.25 
times the rating of a single motor, as 
shown in Table I. The additional cost of 
two motors and excess hp is offset by a 
saving in mechanical parts. When two 
motors are used, ammeters in the motor 
armature circuits indicate load, and a 
shunt field rheostat in series with one 
motor field allows the load to be propor- 
tioned between the motors as directed 
by the operator. 


Table!. Rotating Equipment Ratings Winders 
with Mechanical Brakes 
Power Packaged 
Single- Two- Supply Drive 
Motor, Motor, Generator, Rating, 

Hp Hp* Kwt Hpx 
15 Do anes, «shee Loewen. sce 15 
20 DEG Gardez: Ate 20 20 
PEON si eixseaaie Beal Bujdiessle ashe 25 25 
SO Reis mae Dr Ol rete caret: 30 30 
AO sso iaye De 20) saan gnvs < 40 40 
50 ioteees 2-80 teri 40 50 
GON sates 2°40 Wonka th DORADA Somer 60 
(i Piee nine 250 cmapekeae ay 60 75 

TOU ee 200) sigae= se. Bees ras ie 100 

125G3. hoa yA TRAN feet bird LOOM Staak 125 

150 ZL OO sass paracene Tiny ae ee SENG 150 

200% oer mb 20 raters taaty 3 Ms{0 Se Seiearea SOF 200 

250 Ba150 5. a ai deat 200 

O00; 558 2-200 gst ai 250 

BBO s viaces 2-250.. 300 

400 n23co%< 2-250 ccsssomsatees 300 


* Four-motor winders require 4 motors each rated 
the same as the 2-motor winders. 


+ Do not change rating when slitters and/or rider 
roll are motor driven. 
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Winder Control Features, 
Automatic Accelerating and 
Decelerating Methods 


Speed control of the winder can be 
achieved by operation with a single- 
rheostat handle; see Fig. 2. Zones of OFF, 
THREAD SPEED, and RUN are provided. 
The thread speed zone provides a constant 
operating speed of 50 to 100 fpm for the 
operator to check the straightness of the 
paper, the operation of the slitters, and 
the trim disposal system, before accelerat- 
ing to high speed. Turning the rheostat 
into the run zone initiates operation at 
any speed selected by the operator. 
Conversely, returning the rheostat to the 
off position initiates a stopping action 
under controlled regenerative braking 
conditions. Smooth transitions from 
thread speed to acceleration and from 
acceleration to run speed are necessary for 
successful operation. 
deceleration at a slower rate than that dic- 
tated by the automatic control can be 
achieved by turning the speed control 
rheostat at a slow rate. Speed control of 
a winder is the same either with or with- 
out an electric brake. 

The use of automatic accelerating and 
decelerating means provides the highest 
performance from the electric equipment 
automatically, without dependirg on the 
operator’s judgment of the drive capacity. 
With automatic control the operators can 
give their full attention to other winder 
requirements, thus increasing  pro- 
duction as well as improving its quality. 
Limitations to the maximum rate of 
acceleration are: 


1. Commutating ability of the rotating 
machines, 


2. Strength ot the paper sheet (maximum 
ability to transmit energy to the back- 
stand). 


3. Ability to hold constant tension during 
acceleration. 


Electric winder drives are accelerated 
automatically on a time-limit or a current- 
limit basis. Time limit may be provided 
by the use of a motor-operated rheostat 
with buttons arranged to provide con- 
stant change of speed per degree of travel. 
When the motor-operated rheostat is 
used, generator excitation is obtained from 
the constant potential exciter bus. Owing 
to the necessity for excessive mainte- 
nance, motor-operated rheostats have not 
adequately met winder drive require- 
ments, 

Time-limit acceleration can also be 
provided in high-gain regulator circuits 
by the use of electrical time delay schemes 
such as capacitor discharge circuits, The 
regulator used in these circuits supplies 
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Acceleration or. 


Fig. 2. Winder speed control rheostai 
Note lever operation and rugged constructi 
including cams used in setting up circuits f 

thread and run operations 


the generator excitation. The use of | 
regulator of this type allows provision fo 
a constant threading speed, as well a 
time-limit acceleration, and it red 
the complexity of the problem of hol 
constant tension during the acceleratio: 
and deceleration periods. 

For most large winder drives, the cu 
rent-limit accelerating method is mos 
desirable, since a minimum acceleratin; 
time within the capability of the drive i 
utilized. To provide current-limit a 
celeration and deceleration, a regulator i 
provided to excite the generator. Thread 
ing speed is regulated as well as constan 
current acceleration and deceleratior 
Fig. 3 shows the performance of a 1 
winder drive during current-limit accel 
eration and deceleration. Calculation 
to establish the minimum accelerating 
time are developed later in this article. 


Mechanical Features of Winder 
Drives 


Rotating equipment located at th 
winder should be protected from entr 
of falling dirt and paper fibers. Expert 
ence indicates that the minimum suc 
cessful enclosure is the National Electrica 
Manufacturers Association dripproof pro 
tected enclosure. Application of 6 
degree-centigrade rise in open motors wit 
covers added is usually acceptable. 

Of course, forced ventilation for 
rotating equipment located at the winde 
is best, since air taken from outsid 
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jig. 3. Current limit acceleration and deceleration performance tests from 240-inch-wide 5,000-fpm heavy kraft paper winder with electric 
braking generator 


nill is clean. Also, full ventilation is 
ned at all times regardless of whether 
ot the drive motors are operating. 
ction of the continuous rating may 
possible with forced ventilation, since 
ooling is available during the entire 
cycle. 
times, when two motors are used to 
the winder drums, space considera- 
is necessary in selecting the motors, 
use of the diameter of the drums. 
arrangements are shown in Fig. 4. 
direct-connected arrangement is pre- 
d when paper speed and drum 
eter make this arrangement feasible. 
jomics and available space usually 
te the arrangement. 
ne use of ball-bearing motors mini- 
; the losses of rotating equipment, 
cularly at breakaway. On the larger 
of equipment there is an economic 
cost consideration in favor of sleeve 
ings that cannot be overlooked. 
berators’ desks are ordinarily pre- 
d to wall or pedestal-mounted opera- 
stations. When mechanical back- 
GEARED 


WINDER 
DRUMS 
DIRECT 
CONNECTED 


BOTH MOTORS BELTED 


ier 


— MOTOR BELTED 


4. Motor arrangements for 2-motor 
winder drives 
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stand brakes are used, the electric and 
pneumatic controls can be mounted on the 
same desk, as shown in Fig. 5. A barrier 
between the two controls prevents dam- 
age to the electric controls, should a 
pneumatic or hydraulic control line break. 


Nomenclature 


C=cost of electric power, dollars per 
kw-hour 

D =diameter, inches 

E=electromotive force (volts) 

eff = efficiency of backstand 

ft-lb/hp =foot-pounds per horsepower 

hp=sheet horsepower 

IC=inertia compensation 

IR=voltage drop 

K=paper machine availability factor 

L=length, feet 

s=fpm top sheet speed 

S=paper-machine speed, fpm, correspond- 
ing to average weight of manu- 
factured paper 

SE=stored energy of backstand, hp-sec 


(hp-seconds) 
t=accelerating time in sec 
T=tension, Ib/inch sheet width corre- 


sponding to average weight of paper 
manufactured 
W =width, inches 


Selecting Winder Drive Ratings 


As previously mentioned, ratings of the 
winder drive are selected chiefly on the 
winder width, the maximum operating 
speed, and the maximum sheet tension re- 
quirements of the winder. Desired rate 
of acceleration and deceleration as well as 
the type of braking (mechanical or elec- 
trical) used on the backstand must also 
be considered. Fig. 6 shows the power 
requirements of the winder motors and 
braking generators as determined by a 
study of new winders. These curves in- 
clude friction and windage losses of the 
winder as well as the electric losses of the 
braking generator. 


The winding tension utilized by in- 
dividual mills varies. Data taken in 
numerous mills indicate that the tension 
values shown in Fig. 7 meet the require- 
ments of most mills. The values are for 
sheet tension at the winding rolls, and 
the tension at the backstand may be less, 
depending on stationary surfaces, spread- 
ers, or spiked rolls. 

If the desired tension in the sheet and 
the width and speed of the winder are 
known, the hp rating of the components 
of the drive may be calculated by use of 
the curves of Fig. 6. The following rela- 
tion gives the hp required to hold the 
desired tension in the sheet with no con- 
sideration for the efficiency of any part 
of the winder or the drive, and this rela- 
tion may be used as a check: 


TWs 


hphh shears 24 eee 
85 000 fe Ib/ hp 


If a mechanical braking system is used 
on the unwind stamd, the generator size 


oo) 


Fig. 5. Operator's control desk for 2-motor 

winder drive with mechanical braking. Pneu- 

matic controls are combined in desk with 

electric controls. Barrier inside of desk pro- 

tects electric control should pneumatic control 
line break 
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WINDER DRIVE POWER (HP) REQUIREMENTS 


% BASED ON 120. €6M pece. RATE WITH SHEET INTACT AND 200% 
RATED LOAD 


must be selected to be compatible with 
the motor size. For example, if the drum 
drive motor is rated 350 hp, a 300-kw 
generator should be used; see Table I. 

The motor and the generator rating 
having been selected without regard to 
acceleration requirements, the time re- 
quired for acceleration should be checked 
by calculating the stored energy in the 
entire system (horsepower-seconds is a 
handy unit to use). The hp rating and 
overload capacity of the motor is known, 
but this value must be reduced by the 
efficiency of the winder and the hp re- 
quired to hold tension in the sheet. The 
two extremes are considered here: 1. 
acceleration with full tension set on the 
mechanical brake, and 2. acceleration 
with the mechanical brake released. 
Examples to illustrate follow. 


Consider a 240-inch-wide, 5,000-fpm winder 
for kraft paper of weights up to 43 lb/1,000 
sq ft (square feet) with an 84-inch-diameter 
machine roll. 


The WK2? of each steel and paper roll is 
first obtained from the machinery manu- 


PAPER WEIGHT 
LBS/3000 SQ FT 


TENSION- LBS/IN. WIDTH 
PAPER TENSION VS REAM WEIGHT MEAN 
OF EXPERIENCE VALUES 


Fig. 7. Relation of paper weight and winding 
tension. Practical experience curves 
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Fig. 8 (right). Nomograph for 
determining length of paper 
in roll 1 


facturer or determined by calculation. 
Then, the following equation is used to 
calculate the SE: 


WK? (change in rpm)? 
3.23 X 108 


SE at 5,000 fpm, with a full roll on the 
unwind stand and an empty core on the 
winder: 


SE, hp-sec = 


Hp-Seec 

Unwind roll of 84-in. diameter..... 3,710 
Wind drums of 18,5-in. diameter... 2,280 
Tdler roll, Sng ehe eee ae EINE 263 
Sleeve! shafts... e.1ohe ie aoe aera 605 
ITIVE OLOt ene ace ee 352 
Pdtals . Soe, 4a ee 7210 


From Fig. 7, 43-lb board will require 
8.5 Ib tension/inch width. From Fig. 6, 
0.031 hp/in./100 fpm is required, which 
indicates that the drive motor will be 
required to deliver 372 hp for tension and 
friction requirements. Assume that the 
winder duty cycle allows the use of a 350- 
hp motor good for 225% load on accelera- 
tion, and suppose that the operator does 
not reduce his tension-setting during 
acceleration: 
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NOMOGRAPH 
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/ 


Total hp available acceleration 2.25 — 


Needed for friction and tension (no 
IC provided)..:..i4. 20.20... es = eee 


Maximum hp available for 
acceleration: .. 2)-c. a2 ee 


Time for acceleration: 


7,210 hp-sec X2 


=34 
418 hp a 


Beyond the tension of 8.5 Ib/it 
width exerted by the brake, additio: 
tension is necessary to accelerate the pé 
out reel to 5,000 fpm linear speed in 
sec. This additional tension may 
calculated as follows: 


a 


_ hp X383,000 ft-Ib/h 
AW Xs ; 


te SEbs x2 


h 
Pets 


Combining these yields 


TH SEbs X 233,000 - 
Wst X eff 
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n 
3,710 X2 33,000 
240 X 5,000 X34 0.95 

6.3 lb/inch width 


he 8.5-lb/inch width exerted by the 
kstand brake plus 6.3-lb/inch width 
sion required to accelerate the back- 
d and reel of paper, results in a net 
sion of 14.8-Ib/inch width in the sheet 
ing acceleration. 
ow, take the other extreme and 
me that paper tension is held at the 
ed final value during the accelerating 
l decelerating periods. This recalibra- 
n of the braking effort during the rate of 
change-of-speed period is called 
ertia compensation” (IC). The mini- 
m accelerating with a mechanical 
ke on the backstand and with a 
stant tension of 8.5-lb/inch width in 
sheet may be calculated as follows 
is consideration would not apply when 
electric brake is used since it can be 


Fig. 9. Package 
drive with 200-hp 
power supply and 
booster for slitters. 
Panels from left to 
right: Upper—Sta- 
tic exciter, a-c 
breaker, and refer- 
ence. Lower— 
Magnetic control 
panel and magnetic 
amplifier for gener- 
ator control 


caused to act as a motor and supply 
accelerating power): Assume eff,,=0.95. 
Then 


_ SEbs X2 33,000 
TWs Xeffps 


3,710 X2 X33,000 
8.5 X 240 X 5,000 X 0.95 


=25.3 sec 


The drum roll drive motor rating re- 
quired to get 25.3 sec, considering 90% 
efficiency of the entire winder is 


_ SEwX2 
 tXeffy 


hp 


MTB 


2 =659 h 
25.3X0.9 a 


But 790 hp is available for acceleration ; 
therefore the time required will be 


SEw X2 
2S 
hp Xeff 


PMS. 


x =20.3 
790X0.9 oe 


BRAKE 


SCPOIERBUS- J gt he 


Fig. 10. Schematic diagram showing basic control scheme for winder with 
mechanical backstand brake. Circuits for rider roll and slitter drives shown 
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Fig. 11. Single 350-hp motor drum drive and 

250-hp electric braking generator for large 

kraft paper winder capable of exerting 8.5-Ib/ 

inch width tension on a 240-inch-wide sheet at 
5,000 fom 


and the tension to accelerate in 20.3 sec 
will be 


SEbs X 233,000 
tWs Xeff 


___ 8,710X2X33,000 
20.3 X240 X 5,000 X 0.95 


= 10.6-lbs/inch width 


If the calculated accelerating time is 
unacceptably long, then larger apparatus 
must be used to get a shorter time. The 
generator which must be selected to 
supply the motor requirements would be 
rated 300 kw, good for 200% load on 
acceleration. The 300-kw base rating is 
set by steady-state running requirements 
of the 350-hp motor. 

Actual operating conditions would 
probably be somewhere between the two 
extreme cases described. The operator 
would be expected to reduce the tension 
somewhat during acceleration; thus the 
34-sec acceleration is pessimistic. The 
20.3-sec acceleration is optimistic and 
hard to achieve. 

Modern newsprint winders present a 
special problem in that the newsprint 
machine roll is usually as large as the 
kraft machine roll, say, 72 to 84 inches in 
diameter, and 250 to 300 inches wide. 
Newsprint is wound at speeds up to 6,000 
fpm with tensions ranging from 1 to 1/2 
Ib/inch width. While newsprint has a 
tensile strength in the machine direction 
in the order of 10-lb/inch width, the 42-Ib 
kraft board considered in the above ex- 
ample has a tensile strength in the ma- 
chine direction of about 85-lb/inch width, 
and it is wound at 8.5-Ib/inch width 
tension. The newsprint winder must be 
provided with extraordinarily good ten- 
sion control during the acceleration and 
deceleration periods to prevent breaking 
the sheet; thus a critical regulation prob- 
lem is created demanding a good inertia- 
compensating system. (IC is defined as 


recalibration of the tension-regulating 
device to maintain constant tension dur- 
ing the accelerating and decelerating 
period.) 

The relatively light tension require- 
ments of newsprint dictate the use of 
relatively light hp drive motors. Accel- 
erating and decelerating times are in- 
creased owing to the reduced hp available, 
and this tends to reduce the severity of 
the problem of holding tension during the 
rate of change periods. With mechanical 
braking on the unwind stand, the mini- 
mum accelerating time is dependent on 
the sheet tension required to accelerate 
the unwind stand. This results in rela- 
tively long accelerating periods when 
mechanical brakes are used. When an 
electric brake is used and a good IC sys- 
tem is provided, this time is reduced since 
the braking generator can act as a motor 
during the accelerating period. The 
decelerating time is also minimized since 
the braking generator removes the stored 
energy and regulates tension as the speed 
is reduced. Successful IC systems have 
been devised for use with the lighter 
papers, but further improvements are 
needed to meet the demand of wider and 
higher speed winders, 

The duty cycle required of the appara- 
tus may be determined by calculation. 
For a given paper grade, the maximum 
speed of the paper machine itself and the 
desired winder operating speed should be 
known. The total per-cent operating 
time can now be calculated: 


Ss 


—.—. = per-cent operating time 
s (fpm winder) 


Usually, maximum fpm for both should 
be used, although it is rare that a winder 
is operated at maximum tension when a 
paper machine makes light paper at fast 
speeds. For this case, assume the paper 
machine operates at 2,000 fpm. 


2,000 fpm 


5.000 fpm 742% operating time 


Now, assuming 10% additional time 
for acceleration and deceleration, the 
rms hp, as a per cent of the selected motor 
rating, can be calculated by conventional 
means: 


. 372 790 
=4/0.4 
rms hp yo (= mB) +0.1 (2) 
=+/0.962 
=0.985 


This calculation indicates that the 
motor rating is satisfactory. If, however, 
the rms hp thus calculated is greater than 
1.0, a more detailed calculation utilizing 
the nomograph of Fig. 8 to get the exact 
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Fig. 12. Schematic diagram 
showing single motor winder 
drive with current-limit accel- 
eration and deceleration, and 
constant tension regulation on pO 

electric backstand brake 
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length of paper in a given roll and 
calculation of the exact accelerating 
and decelerating time to determine the 
operating cycle would yield a more nearly 
correct calculation. 


Rider Roll and Slitter Drives 


Some winder manufacturers utilize 
electric drives for rider rolls and slitters; 
others mechanically power these auxilia- 
ties. Since the motors for driving rider 
rolls are usually quite small as compared 
to the drum drive motors, boosters having 
the same ampere rating and a voltage 
rating equivalent to the 7R drop of the 
rider roll motors are supplied in series with 
the rider roll motors. The booster adds 
sufficient volts to the generator supply to 
make the counter emf for the rider roll 
motor and the winder drive motors equal 
over the entire speed range, thus the 
rider roll motors exert approximately 
constant torque from stall to full operating 
speed. Fig. 9 shows details of a package 
drive. 

It is usually desirable to operate shear 
cut slitters at a speed exceeding the paper 
speed. A fixed speed of 5% to 15% above 
maximum operating speed is used. Con- 
sidering a fixed speed above top operating 
speed, on a 5,000-fpm winder, the cutting 
edges are run at 5,250 fpm when the paper 
is traveling at 5,000 fpm and at 250 fpm 
when the winder is standing still. Thus, 
a booster in series with the cutter motor or 
motors is required to supply not only the 
IR drop of the slitter motors, but also a 
fixed voltage of 5% to 15% of the maxi- 
mum generator voltage. Fig. 10 shows 
schematically the circuit arrangement for 
slitter and rider roll drives. 


Winders With Electric Brakes 


Winders with electric unwind stand 
brakes as shown in Fig. 11, are being used 
in increasing numbers as their perform- 
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ance, convenience, and economy beco 
recognized by the paper industry. F 
lowing are the principal advantages 
the electric winder drive with elec 
braking: 


Performance 


1. Automatic constant tension. 

2. IC during acceleration and decelerati 

3. Minimum acceleration and decelerat 
time within the full capacity of 
drive. 


Convenience 


1. Unwind payout and slack take-up. 

2. Single-handle speed control. 

38. Braking generator easily reversed 
wind paper ‘‘wire-side in” or ‘‘wire-s 
out.” 

Economy | 


1. Less man power required. 

2. Braking power recovered. 

8. No brake linings to maintain. 

4. Smaller main motor-generator set 
quired. 


The features of automatic constant 
requires a regulator capable of ma 
taining constant hp. The regulator ac 
justs the shunt field of an adjustable spe 
motor to hold field flux proportional to fl 
reel diameter by regulating constant ct 
rent in the motor armature circuit. (hp 
a constant (EX1J)) 

Because of the tension error introduce 
by friction and windage, it is desirable 
minimize the friction loads of the 
winding stand and the drive. An 
friction bearings should be used on t 
unwind stand and in the braking genet 
tor. The braking generator preferab 
should be direct-coupled to the reel 
without belts, chains, or gears interpose 
The range of tension adjustment is né 
essarily limited since the friction loss 
become a greater portion of regulated ct 
rent as tension is reduced. Tension rang 
not exceeding four to one are satisfacte 
with a minimum tension of about o 
pound per inch. 

The continuous rating of a braki 
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rator (usually rated in hp because 
stable speed motors are so rated) is 
ted to provide the tension require- 
ts of the winder, as given in Fig. 7. 
ing units may be given a dual hp 
g such as 75/100 hp: but in practice 
unit is successfully used at top hp 
g without exceeding temperature 
ts due to the duty cycle operation. 
n Fig. 7, for 8.5-lb/inch width, a 
tant of 0.022 hp/inch/100 fpm is 
ired. Therefore, the rating of the 
ing generator for a direct-connected 
ing generator, for a 240-inch-wide 
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5,000-fpm winder using a 14-inch diameter 
core and an 84-inch diameter parent roll, 
calculates to be 264 hp, 227/1,364 rpm. 
Accordingly a 250-hp 225/1,350-rpm 
motor would be specified. For economic 
reasons, final selection of the base rating 
of the braking generator should not be 
decided upon until accelerating require- 
ments are considered. 

When electric braking is provided for a 
winder, a booster generator is used in 
series with the braking generator; see 
Fig. 12. This booster may provide power 
for payout, slack take-up and_ stall 
tension, as well as the IR drop of the 
braking generator armature circuit. The 
rating of the booster should be adequate 
to supply the JR drop of the braking gen- 
erator armature circuit at maximum over- 
load. For example, the booster rating for 
the 240-inch-wide 5,000-fpm winder pre- 
viously considered would be 33 volts, 
900 amperes, good for 200% load. 

There is a limitation in the change in 
diameter that can be accomplished at the 
backstand with the center wind reel. 
This limitation is imposed by the maxi- 
mum possible speed range by shunt field 
control of a d-c adjustable speed motor 
which is6to1l. This limitation is usually 
no serious handicap since the use of larger 
cores makes paper handling easier. Use 
of the nomograph of Fig. 8 will show that 
there is very little additional paper on 
the small diameter cores. Reel diameter 
changes beyond 6 to 1 can be accomplished 
in special cases, but such control is un- 
duly expensive and requires a mechanical 
diameter or tension-measuring device 
with its problems of physical interference 
and maintenance. 

Regulation of tension at constant speed 
is a relatively easy task for electrical con- 
trol. Conversely, maintenance of con- 
stant tension during the accelerating and 
decelerating period, IC, is probably the 
most difficult problem encountered in the 
electric winder drive. If a constant rate 
of change of speed can be maintained 
during the accelerating period, the 
magnitude of the problem is somewhat 
reduced. The wide variation in the 


Fig. 14 (left). Time cycles for 
winding four 9,000-ft rolls of 
0.0126-inch-thick (42 Ib) 
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kinetic energy as the reel diameter 
changes presents the most difficult prob- 
lem. 

Fig. 13 shows the change in stored 
energy of the unwind roll as the reel 
diameter changes on a 240-inch-wide 
5,000-fpm kraft paper winder. Fig. 14 
shows the tension variation encountered 
during acceleration and deceleration 
when four 9,000-ft rolls of 0.0126-inch- 
thick paper, 42 inches in diameter, are 
wound from one 84-inch-diameter machine 
roll, and IC is accomplished by a stepped 
recalibration of the regulated tension. 

With the stepped system, relays that 
sense the change in speed indicated by 
movement of the speed-adjusting rheo- 
stat are used for initiating IC; and these 
relays remain actuated as long as the drive 
speed is changing. Calibration of the 
IC circuit is different for acceleration and 
deceleration. Although Fig. 13 shows a 
considerable change in the amount of 
SE in the unwind reel, the tension varia- 
tions shown in Fig. 14 are not sufficiently 
great to prevent the use of the stepped 
recalibrating system. As the desired 
sheet tension is reduced, however, the 
tension variation during acceleration be- 
comes a greater proportion of the sheet 
tension. 

A more accurate signal for IC can be 
obtained by measuring the rate of rise 
of the power supply generator voltage. 
A further improvement in the IC signal 
is obtained by use of a rate of rise of volt- 
age from a pilot generator driven by 
the braking unit, as shown in Fig. 12. 

Control schemes utilizing motor-op- 
erated rheostats to follow the diameter 
change can be used to adjust the unwind- 
braking generator shunt field current with 
the IC signal strength calibrated by an 
additional rheostat plate. Frequent op- 
eration of the rheostat and its relay-se- 
quencing and resetting system mnecessi- 
tates maintenance unnecessary with other 
systems, and optimum adjustment of such 
rheostats is difficult to attain. 

When current-limit acceleration and 
deceleration are used, the acceleration 
and the deceleration time is essentially 


ACCELERATE 


board, each 42 inches in 
diameter from one 84-inch- 


diameter machine roll 


Fig. 15 (right), Dynamic 
performance of winder drive 


with current-limit acceleration 

and deceleration. Plotted 

from the oscillograph record 
shown in Fig. 3 
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independent of the tension setting, since 
the braking generator power is returned 
to the d-csystem. The time is limited by 
the overload capacity of the power supply 
generator. To get a balanced drive sys- 
tem, the drum drive motor or motors 
should be selected to accommodate all 
available power on acceleration. The 
overload capacity of the braking genera- 
tor should be selected to generate all 
power that can be absorbed by the power 
supply generator on deceleration. Note 
the dynamic current-limit characteristics 
of the drive shown in Fig. 15, which is 
taken from the tests on the large kraft 
winder, as shown in Fig. 3 

Selection of a suitable power supply 
generator to provide the same time of 
acceleration for the 240-inch-wide 5,000- 
fpm winder previously considered with a 
mechanical brake, will now be considered 
with an electric brake which returns 
power to the d-c system. The total 
stored energy at 5,000 fpm is approxi- 
mately the same, so that the value of the 
7,210 hp-sec previously calculated will 
again be used. The time for acceleration 
is taken to be the same but the generator 
rating can be reduced because, during 
steady-state running, the braking genera- 
tor will return power to the system. 

The time required to get the entire 
winder mass into motion is very nearly 
independent of tension when the braking 
generator is used. Assuming an over-all 
winder mechanical efficiency of 90% and 
a motor efficiency of 92%, the power re- 
quired from the generator for 34-sec ac- 
celeration will be, 


7,210 hp-sec X2 


= 519 b 
34 secX0.9X0.92 17 BP 


= 382 kw 


The actual steady-state running load 
was found to be about 100 kw. There- 
fore, a 200-kw generator with 200% over- 
load capacity on acceleration can be used 
instead of the 300-kw generator with 
200% overload capacity required for the 
same winder with a mechanical brake. 
Of course, the motor-generator set drive 
motor size can be reduced accordingly. 
Savings in the motor-generator set and the 
omission of the mechanical brake some- 


what offset the cost of the braking genera- 
tor. 

Note that the use of the current-limit 
acceleration and deceleration results in 
the minimum accelerating and de- 
celerating time utilizing the power supply 
generator to top capacity. 

The convenience of operating an all- 
electric drive is unexcelled by other types 
of drives. Rolls weighing 35,000 pounds 
are not easy to turn by hand; the electric 
brake makes hand turning unnecessary. 
Paper is paid out from the parent roll by 
pushing a payout push button. Payout 
occurs only as long as the button is held 
down. The paper is threaded through 
the winder and on to the shipping core. 
There may be some slack in the sheet im- 
mediately following the parent roll. This 
slack is undesirable since the winder may 
start the parent roll with a sufficient jerk 
to break the sheet especially when it is not 
threaded exactly straight. A slack- 
takeup push button is provided to remove 
the slack conveniently and insure a 
smooth start with the paper under ten- 
sion. Use of the electric drive in turning 
the backstand roll reduces the man power 
required to thread the winder. Fig. 16 
shows a panel providing current-limit and 
electric-brake control. 

Sometimes it is desirable to wind ship- 
ping rolls wire-side in and at other times 
wire-side out. The magnetic control can 
be arranged to reverse the braking genera- 
tor easily, or a reversing knife switch can 
be provided in the field circuit or the 
armature circuit of the braking generator, 
to permit its operation in either direction. 

Recovering of the braking power is an 
economic consideration that is particularly 
valuable on the larger and faster winders. 
The following equation can be used to 
calculate power savings: Annual power 
savings=0.178 TWSKC. The annual 
power savings for several typical winders 
is Shown in Table II. 


Conclusions 


Development of regulator circuitry has 
played a large part in the success of the 
d-c adjustable voltage winder drive. 
The continuous operation of a paper 
machine demands reliability of the winder 


Table Il. Annual Savings Operating with Braking Generator 
K=0.92; C=$0.006 Assumed 

Type of Weight, Tension, Speed, Width i 
Paver Lb/3,000 Sq Ft Lb/Inch Fpm Inches a ria 
News.. Die ea Sar vir Feige ia ih ces st nies 2 SOG ere ee ee CLS MD, oa 615 
Book. . Gant i ees BO ees, a L500 cos ee 180) Ce ee 1,187 
eats enti 5 Pi Meyer! Wee es 1, B0n pare PR 3,324 
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Fig. 16. Modern magnetic-amplifier pan 
which can provide either current-limit accele 
ation and deceleration or automatic tensi 
control with an electric brake. Note 
components, used, providing high depen 
bility and low maintenance 


drive and recent developments in m: 
netic-amplifier regulators has provic 
the necessary continuity of service. 

D-c adjustable voltage systems 1] 
winder drives have the performan 
characteristics and the flexibility 
arrangement necessary for the appli 
tion. Care in the proper selection 
ratings, and electrical as well as meché 
ical features of d-c adjustable volte 
winder drives will insure their continu 
acceptability to the paper industry. 


Appendix. Data for Estimatin 
Winder Drives 


Ream measure 
Standard—500 sheets, 24 by 36 inel 
(3,000 sq ft). 
Book paper—500 sheets, 25 by 38 i inck 
Board—1,000 sq ft. 


Density of paper 


Kraft—45 lb/cubic ft. 
Coated book—45 lb/cubic ft. 


Caliper versus weight 


Newsprint—32 1b/3,000 sq ft=0. 0 
inch thick. 
Kraft—43.5 1b/1,000 sq ft= 0.014 j f 


4 


thick. 
Length paper in roll 
__ 0.0654 (Do?— D,?) 


~ Thickness, inches 


The usual winding tension =10% uh mM 
tension. 


Winding tension 


Pape Pee sq ft 


x4X0.1 
= —b/inch wic 
x4x0.1 


=—_Ib/inch wie 


1b/1,000 sq ft 


B 
oard = 3 
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LARGE GROUP had gathered on 
the upper platform of The Pennsyl- 
ia Railroad Thirtieth Street Station in 


b9. Standing at the head of a train of 
aming coaches they watched a very 
cial locomotive back down the track 
i couple to the leading car. The oc- 
hion was the 25th anniversary of the 
nstruction of the first class-GG-1 elec- 
locomotive for The Pennsylvania 
ilroad. It was this locomotive, num- 
4800, fresh from the paint shop and 
budly displaying a 25th anniversary 
ynze plaque beneath the engineman’s 
dow (Fig. 1), that was to haul the 
tional Railway Historical Society 
cial train. A brief ceremony with its 
endant picture-taking climaxed the 
asion and the train departed for New 
rk. 

Thus, by marking the completion of a 
er-century of successful operation of 
omotive number 4800, the Railroad 
Ss highlighting the excellent record that 
GG-1 locomotive fleet had established 
25 years of intensive service. From an 
bineering standpoint, therefore, it is 
hly appropriate to review briefly the 
elopment and characteristics of this 
sign. 


velopment of Design 


t the time the GG-1 locomotive design 
bject was started, the Railroad was con- 
ing designing and building an elec- 
locomotive with tracking character- 
es and general appearance that would 
istitute a worthy replacement for the 
lier class P5A locomotives then in 
ssenger service. 

[The combined efforts of The Pennsyl- 
via Railroad, the Baldwin Locomotive 
orks (now Baldwin-Lima-Hamilton), 
Westinghouse Electrical and Manu- 
turing Company (now Westinghouse 


er 60-48, recommended by the AIEE Land 
msportation Committee and approved by the 
ME Technical Operations Department for 
entation at the AIEE Winter General Meeting, 
y York, N. Y., January 31—February 5, 1960. 
nuscript submitted November 2, 1959; made 
lable for printing November 27, 1959. 


V. Horine is with The Pennsylvania Railroad 
apany, Philadelphia, Pa., and H. S. OGDEN is 
1 the General Electric Company, Erie, Pa. 
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-of the locomotive wheels. 


Fig. 1. 


he Pennsylvania Railroad Class GG-1 


Electric Locomotives 
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Electric Corporation), and the General 
Electric Company were focused on the 
project.t. Design criteria were carefully 
established in the light of previous ex- 
perience, and full advantage was taken of 
the most advanced technological develop- 
ments of that time.?: 


TRACK TESTS 


The tracking qualities of the P5A loco- 
motives then operating were not up to ex- 
pectations, particularly at high speeds, 
and improvements were necessary. Man- 
agement of The Pennsylvania Railroad 
took a forward-looking step by instituting 
a testing program to determine why some 
locomotive designs possessed good track- 
ing qualities and others did not. To 
obtain the necessary data it was decided 
to use special test ties capable of measur- 
ing the track stresses induced by passage 
Some years 
previously the Railroad had made ap- 
proximately 3800 special cast-iron ties, 
each provided with means for measuring 
horizontal impact forces on the rail. 
Essentially, this was accomplished by the 
running rail forcing a hardened steel ball 
into a renewable soft iron bar, in a manner 
similar to the Brinell hardness tester. 
Measuring the diameter of the indention 
in the bar would give an indication of the 
force applied to the rail. These ties were 
installed in the westbound high-speed 


Locomotive 4800, 
May 17, 1959 
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track near the Claymont, Del., station on 
the Philadelphia-Washington main line; 
Fig. 2. 

When the ties were first installed the 
track surface was carefully aligned. It 
was not surprising, therefore, that there 
was no discernible difference in test tie 
readings, regardless of the type of loco- 
motive operated over the track. To ob- 
tain measurable differences, the running 
rails were displaced laterally and verti- 
cally at a location near the entering end 
of the test section. The induced oscilla- 
tions damped out as the locomotive tra- 
versed the remainder of the test section, 
and a stress record was obtained. 

By this time, the techniques of using 
strain gages for making stress measure- 
ments had advanced sufficiently to enable 
the electrical manufacturers to build and 
install a system of ‘‘weigh bars’ on the 
locomotives. Combining these with 
specially built journal boxes, Fig. 3, made 
it possible to obtain continuous records 
of the lateral forces on the ends of the 
locomotive axles. Multielement oscillo- 
graphs and long rolls of sensitized paper 
provided permanent records of the results, 
Fig. 4. Thus the riding characteristics of 
any locomotive, as indicated by the 
Brinell ties under the rail, could be directly 
correlated with flange forces generated on 
the locomotive and indicated by the weigh 
bars. Such instrumentation required 
that the locomotive pull a test car con- 
taining the oscillographs and auxiliary 
apparatus required to make the measuring 
system function, Fig. 5. 

An analysis of results obtained from 
tests on the P5A locomotives with their 
2-C-2 wheel arrangement quickly told 
what was happening during operation at 
passenger-train speeds. Changes were 


made in the truck equalization system to 


correct the poor operation, and a short 
series of test runs with a locomotive veri- 
fied that acceptable operation had been 
achieved, Fig. 6. 

Assuming that even better operation 
was possible, the investigations of riding 
quality were continued by The Pennsyl- 


vania Railroad management. For this 
purpose a locomotive having a 2-C+C-2 
wheel arrangement was borrowed from 
the New York, New Haven and Hartford 
Railroad and gearing installed to permit 
operation at speeds up to 120 mph (miles 
per hour). When this locomotive: was 
run over the test ties, substantial re- 
ductions in the lateral forces were indi- 
cated. Two tenable explanations of this 
were offered: first, that the reductions 
were due entirely to the lower axle weights 
inherent in this design, and second, that 
wheel arrangement exerted a predominant 
influence on tracking characteristics and 
that axle weights were relatively unim- 
portant. The solution of this problem 
was evidently fundamental to further 
progress in locomotive design and a deci- 
sion was reached to build two sample loco- 
motives and make exhaustive tests upon 
each. The one showing best over-all 
results would be the basis for future elec- 
tric locomotive designs. 


SAMPLE LOCOMOTIVES 


The General Electric Company was 
called upon to build a locomotive with the 
2-C+C-2 wheel arrangement to be known 
as locomotive 4899, Fig. 5. At the same 
time an order was placed with the Bald- 
win Locomotive Works and Westing- 
house Electrical and Manufacturing Com- 
pany for a rigid-frame locomotive pat- 
terned after the P5A, but with a 2-D-2 
wheel arrangement. This was to be 
known as locomotive number 4800, Fig. 
7. Both locomotives were to have motors 
and control of the same general type, dif- 
fering only in the number and size of the 
motors. 

Mechanical design work on both loco- 
motives was carried out on a 3-way basis, 
engineers of Baldwin, Westinghouse, and 
General Electric working in co-operation 
with The Pennsylvania Railroad. The 
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Fig. 2. Test ties 

installed in main-line 

track at Claymont, 
Del. 


2-D-2 locomotive was designed to have 


_lower axle weights than those of the P5A 


after its modification, and the 2-C+C-2 
locomotive was designed to have higher 
axle weights than the original test loco- 
motive borrowed from the New Haven 
Railroad. Both locomotive cabs were 
streamlined to give the appearance char- 
acteristic of the Pennsylvania electric 
locomotive fleet today. 

Immediately upon completion of the 
two locomotives comparative testing was 
started. They were run over the Clay- 
mont test ties at speeds up to 115 mph 
and both designs performed exceptionally 
well; Fig. 8. During the many test runs, 
locomotive 4899 and its trailing car were 
repeatedly accelerated to 100 mph in 64.5 
seconds, or at an average rate of 1.55 
mphps (mph per second). This accom- 
plishment required peak outputs of 9,300 
hp (horsepower) at the rail, equivalent to 
11,000 diesel locomotive horsepower. To 
complete the test program both loco- 
motives were equipped with weigh bars 
and continuous oscillographic records 
were taken while operating between New 
York and Philadelphia at sustained speeds 
of 100 mph wherever track conditions 
would permit this velocity. 

To handle the photographic records 
that came from the two 6-channel oscillo- 
graphs required for recording axle thrusts, 
elaborate darkroom facilities were in- 
stalled in the basement of The Pennsyl- 
vania Railroad office building at the 
Wilmington, Del., station. Here the rolls 
of exposed paper were processed after each 
day’s operation and the results were ready 
for analysis the next morning........__. 

Careful scrutiny of the voluminous 
mass of paper records and a review of the 
Brinell measurements from the test ties 


_ showed that locomotive 4899 had the ~ 
better over-all tracking characteristics 


and developed lower lateral impact forces, 
although the difference between the two 
test locomotives was not great. 


History 


Taking into consideration the evidence 
of all the data accumulated as well as 
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’ finally totaled 139. Although des 


other pertinent factors, The Pennsylvar 
Railroad management decided that the 
2-C+C-2 locomotive should form ¢ 
basis for the design of their new electr 
passenger locomotives; see Fig. 9. 
accordance with the Railroad’s esta 
lished system of designating classes 
locomotives, the symbol GG was assign 
to this design to indicate the wheel ; 
rangement: 2 truck axles, 3 drivers, 
drivers and 2 truck axles. The nume 
1 was added to indicate the first loco 
tives built on this design, and thus ¢ 
famous GG-1 was christened. ; 

The original locomotive number, 48% 
became number 4800. As the first 
139 units of the same general type, it h 
carried this number down to the prese 
moment. The 2-D-2 rigid-frame lo 
motive, originally numbered 4800, w 
eventually renumbered 4999. Althou 
it gave years of reasonably satisfacto 
service, it developed the habit of leavi 
the rails on sharp curves in yards and w 
finally retired. ; 


DEVELOPMENT OF THE FLEET 


Number 4800 made its first schedul 
run in passenger service between Ne 
York and Wilmington, Del., on May 1 
1934. Other locomotives of the same d 
sign followed rapidly until the numb 


primarily for passenger service (Fig. 1f 
57 of the fleet of 139 are assigned to freig 
service (Fig. 11), where they turn in; 
excellent performance record. They 2 
used interchangeably, however, in pa 
senger service when required. The cc 
version from one type of service to # 
other is a simple operation requirin, 
than 5 minutes. A brake selector h 
(Rotaire Valve) is turned to its app 
priate position and the brake-pipe fe 


Fig. 3. Application of weigh bar to loc 
motive journal box 
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Fig. 5. 


valve is adjusted for the appropriate 
pressure. For freight service, the master 
controller is restricted to 17 of its 22 
notches. 

Originally _the locomotives were 
equipped with a vertical fire-tube boiler 
of Pennsylvania Railroad design to supply 
steam for train heating. Age and obso- 
lescence have dictated a change to the 
type of steam generator commonly used on 
diesel-electric locomotives. Cost of re- 
pairs to the original boilers made the 
change more economical. Water tanks 
with a total capacity of 2,755 gallons are 


divided between the two ends of the loco- 
A 390-gallon fuel-oil tank is 


motive. 


avoncassesjonsenaa 
eererepeenesione 


aT : a AO tits 


Fig. 6. Axle thrusts showing effect of modification on P5A locomotive when operating at 90 mph over crossovers at Bellevue Tower, Del. 
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First class-GG-1 locomotive fitted with weigh bars and hauling test car 


within and surrounded by the water 
tank in the forward, or no. 1, end. 

The locomotives are equipped with no. 
8EL air-brake apparatus, including the 
D-24 type of brake valves. They have 
4-aspect continuous-indication cab sig- 
nals and automatic train-speed control. © 

Something of the magnitude of the task 
being performed by these locomotives 
may be judged by the following statistics. 
The system over which they operate com- 
prises approximately 2,200 miles of track. 
In passenger service, they produce an 
average of 125,000,000 car miles per year, 
or the equivalent of a 10-car train circling 
the globe 500 times. In freight service, 
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they ably supplement the older locom 
tives of the P5 class. Together, ¢ 
motive power produces approximat 
15-billion ton miles, the equivalent o} 
train of 150 40-ton cars circling the gloh 
100 times in a year. 


CasE HISTORIES 


As the years passed, locomotive nun 
ber 4800 accumulated an impressive mi 
age total. By August 1, 1959, it Ba 
operated 2,795,577 miles, equivalent 4 
112.3 trips around the world at the equ 
tor. Dividing this distance by the tot 
time elapsed since the locomotive 
placed in service reveals that numibe 
4800 has had a continuous running spee 
of 13 mph for its entire life. Duringt 
quarter-century of its life it has hauled 
average of 13 cars and produced 36,34 
501 passenger-car miles. Assuming 
average of 30 passengers per car, this 
over 1 billion passenger miles, more ti 
sufficient to transport the entire populal 
tion of New York City all the way 
Philadelphia. In performing this 
amount of work, number 4800 consum 
122,214,240 kilowatt-hours of elect 
energy costing $1,582,297, or more tk 
six times the original cost of the locomos 
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Although designed for a maximum 

d of 100 mph, this locomotive was re- 
edly brought up to 128 mph during 
ries of braking tests in 1935. 
sters of locomotive number 4800 in 
GG-1 family have achieved notoriety. 

operation of the fleet has, on the 
le, been relatively free from serious 
dents although there have been a few. 
omotive number 4823 was the first to 
nvolved in an en-route accident result- 
in two fatalities. Shortly thereafter 
same locomotive was struck by light- 
r and lost a transformer. This was 
ywed in a few months by the first in- 
ce of a GG-1 crew member suffering a 
1 heart attack. The locomotive was 
featured on The Pennsylvania Rail- 
calendar for 1936. This honor ap- 
ntly caused it to forsake its evil ways, 
since then 4823 has not been involved 
ny unfortunate incidents. 
umber 4840, after 10 years of service, 
ed that a GG-1 is a rugged locomo- 

While traveling at 80 miles an hour 
meountered a bulldozer crossing the 
s at Stanton, Del., and threw the 
hine across four tracks. Total dam- 
to the locomotive consisted of a 
ed nose and one pair of engine truck 
els derailed. 
ssibly the greatest notoriety ever 
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Fig. 7. Class R1 2-D-2 locomotive on test run. 


achieved by any locomotive fell to the lot 
of number 4876 in January 1952. Failure 
of the train brakes caused it to crash into 
the concourse at Union Station, Washing- 
ton, D.C., where it fell through the floor 
into the baggage room below. Removing 
this locomotive presented a serious prob- 
lem. It could not be reached by a wreck 
crane to either lift or drag it out, as it was 
surrounded by building columns spaced 
at 6-foot intervals that could not well be 
removed. Accordingly, the locomotive 


A AM Whew er concent amon . on a oot atti ts extn east = ~ . ed megaman 21S nes 


FIM S14 ~ DAMS 14-3 
SPEND 100 KsPeRs OF TEST TRACK 
Bak 


aul 


Note instrumentation on trucks 


was dismantled in place and cut into 
pieces slightly less than 6 feet in any di- 
mension, Parts were trucked out of the 
station baggage room and shipped to The 
Pennsylvania Railroad Company’s shops 
at Altoona, Pa. In November 1952, 10 
months later, the rebuilt number 4876 
was returned to service. 


Snow TROUBLE 


The outstandingly successful operation 
of this fleet of locomotives has not been 
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Fig. 8. Axle thrust on 2-D-2 locomotive 4800 operating at 100 mph on test track 
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Fig. 9. General dimensions and statistics of class GG-1 locomotives, 100-mph gears 


Total weight, 477,000 pounds 


Weight on drivers, 303,000 pounds 
Weight on driving axle, 50,500 pounds, average 
Weight on each truck, 87,000 pounds 
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Maximum speed, 100 mph 
Continuous tractive effort, 17,300 pound 
Continuous speed, 100 mph 

Continuous horsepower, 4,620 


Starting tractive effort, 70,700 pounds 
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Fig. 10. Early GG-1 locomotive in passenger service crossing the Susquehanna River, Havre 
de Grace, Md. 


without blemish. The weatherman and 
snow were almost the fleets undoing. 
Snow protection consists of fine mesh 
linen screens applied over the air inlet 
louvers during snow storms and kept in 
place as long as the snow continues to 
blow. It is usual to lose a few motors 
in a snow storm, since there are always 
locomotives en route without screens in 
place when the snow starts. In February 
1958, however, a freak snowstorm oc- 
curred. Locomotives not only continued 
to lose motors after the screens were in 
place, but locomotives taken into the 
shop, repaired, and returned to service 
promptly lost more motors. This con- 
tinued until passenger service was badly 
crippled. 

The source of the trouble was finally 
identified when inquiry at the Weather 
Bureau developed the fact that the snow 
was of a peculiar type that had not fallen 
in that area during the life of the GG-1 
locomotives. It is known as “‘diamond’’ 
or “arctic” snow. The flakes are of ex- 
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tremely small size and, because of the lack 
of surface tension, or meniscus effect, in 
snow, they are capable of passing through 
openings and crevices that would not pass 
water. Hence, the linen screens offered no 
protection and the snow passed right 
through them. Moreover, after the 
snowfall ceased, the temperature con- 
tinued to hover around 8 to 12 degrees 
Fahrenheit with high winds. This meant 
that the snow neither crusted nor packed, 
but continued to drift and swirl with the 
passage of trains. 

Oddly enough, the same territory ex- 
perienced another unusual snow storm 
in March of the same year. This was of a 
diametrically opposite type: the tem- 
perature was barely below freezing, there 
was very little wind, and the snowflakes 
were huge and wet. Deposits as large 
as 12 to 14 inches in diameter built up 
on overhead wires; power and communi- 
cation lines were badly damaged, and 
many areas were without electric service 
for weeks. The GG-1 locomotive fleet, 
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Fig. 11. Class GG-1 locomotive in main- 
freight service 


however, did not lose a single moi 
Protection of the locomotives agai 
snow presents a twofold problem. Fi 


justified in view of the rarity of the ¢ 
dition encountered in 1958? Seco 
what practical means are available 
prevent entry of this type of snow? 
tially corrective measures have alreé 
been taken, and research to develop fit 
effective measures at reasonable cost 
being carried on. 


Conclusions 


In the 25 years since number 4800 wi 
into service, the GG-1 locomotive fleet | 
accumulated a total of 337,000,000 lo 
motive miles. This is equivalent 
13,536 trips around the world at © 
equator, or an average of 97.4 tif 
around the world for each of the 139 lo 
motives in the fleet. The outstand 
performance that has characterized t 
operation is a living tribute to the fe 


May 


edness and good judgment of The 
isylvania Railroad management and 
locomotive builders responsible for 
ception and perfecting of the design 
e early 1930’s. 

e€ geographic location of the elec- 


Fig. 12. Class GG-1 loco- 
motive hauling stainless steel 
Congressional Limited 


trified lines, coupled with the fact that the 
passenger traffic over them has been 
handled almost exclusively by GG-1 loco- 
motives for 25 years, has resulted in 
world-wide popularity for these locomo- 
tives. 


¢ 


The handling of ‘famous name” 
trains, such as the Broadway Limited, 
The Congressional Limited (Fig. 12), the 
Spirit of St. Louis, and the fleet of popular 
trains between New York and the deep 
South, as well as the “‘clockers’”’ of the 
New York-Philadelphia-Washington serv- 
ice, has served to fix the image of the 
GG-1 as ‘‘the electric locomotive.” 
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Discussion 


7 Lessmann (Westinghouse Electric 
oration, East Pittsburgh, Pa.): It is 
fying to read this paper summarizing 
ears’ experience with the GG-1 electric 
notive, covering, as it does, its concep- 
construction, tests, and many years of 
ation. The authors should be highly 
mended. 
e GG-1 locomotives, although designed 
pars ago, still rank as the best passenger 
notives in the country since probably 
her could meet railroad schedules with 
s as large as those handled by the GG-1 
. During the war years, these loco- 
ves did an outstanding iob in handling 
singer trains under perhaps more difh- 
onditions than ever encountered any- 
eat any time. It has been said that 
success of The Pennsylvania Railroad 
ification during the last war was one of 
leciding factors against possible opera- 
of the railroads in the United States by 
overnment. 
ir personnel is proud to have had the 
ttunity to take part in this ioint de- 
pment. As is frequently the case, some 
es of such an effort may at times re- 
more recognition than others. One 
ibution made almost exclusively by 
inghouse engineers was the develop- 
of the quill drive which permitted 
of the motor weight to be spring- 
orted and which was instrumental in 
ning good tracking performance. 
ne paper mentions briefly that these 
motives are also used in freight service. 
m the question concerning freight 
e was raised, both electrical manu- 
ers’ representatives advised against it 
ood grounds: 1. the low adhesion to 
h the GG-1’s could be worked, about 
, which was inherent in the design of the 
ric equipment, and 2. the character- 
s of the traction motors, namely, the a-c 
mutator motors. However, after a 
hy discussion, the decision to use the 
locomotives in this type of service was 
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made by Mr. Duer, who was then Electrical 
Engineer of The Pennsylvania Railroad. 
The decision proved to be correct and the 
locomotives have performed well in freight 
service. 

In order to analyze schedules in freight 
service and arrive at a satisfactory solution, 
a co-operative effort between the electrical 
manufacturers produced a new and unique 
method of calculating and predicting the 
performance of the locomotives in any 
service and with any desired tonnage on the 
basis of the expected temperature of the 
motors which, of course, should be kept 
within acceptable limits. This method was 
described in a paper by Felix and Jungk.! 
I shall quote one paragraph from Part I of 
this paper: 

“The only boundaries which these single- 
phase locomotives recognize are those de- 
fined by the maximum permissible speed, 
the maximum tractive effort, and the top 
speed-tractive effort curve along which 
maximum horsepowers are developed. In 
addition, many of the high-speed passenger 
locomotives demonstrate their adaptability 
to different types of service by pulling 
freight trains weighing up to 5,500 tons at 


_ speeds between 30 and 50 miles per hour 


where operating points can be chosen, from 
many of the 60 available notches, as freely 
as in the 60- to 80-miles-per-hour passenger 
speed range.” 

It is interesting to know that for freight 
service, the effect of the momentum was 
taken into account. Downgrades were 
utilized to build up momentum to help in 
scheduling uphill grades. This was possible 
because these locomotives were capable of 
high hp output at high speeds. Schedules 
laid out on this basis were met without 
difficulties. Tonnage calculations never 
had to be reduced; in some instances, they 
could even be increased. Careful calcula- 
tion of the New York to Washington run of 
the Congressional trains brought the time 
of these trains down from 4 hours and 25 
minutes to 3 hours and 35 minutes. | 

I would like to mention here that the 
electrical engineering staff of The Pennsyl- 


vania Railroad has always been of the high- 
est caliber. This fact accounts in a large 
measure for the success of the Railroad’s 
electrification. I consider myself fortunate 
to have worked with these men, some of 
whom have retired. 

Such men as Jacob Stair, Jr., and Ken 
Gordon have left an excellent record also 
in their work with the ALEE Land Trans- 
portation Committee. 

The design, manufacture, and operation 
of the GG-1 locomotive show what is possi- 
ble, since it is, as it were, a living example of 
the result of teamwork between manufac- 
turers and users. We can and should look 
forward to a continuation of such teamwork 
in a not-too-distant future which is fore- 
shadowed by the development of superior 
equipments, e.g., the new locomotives and 
multiple-unit cars using ignitron or even sili- 
con rectifiers to produce the current for d-c 
traction motors, with their superior tractive 
effort characteristics. We would be proud 
to be part of this team. 
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D. R. MacLeod (General Electric Company, 
Erie, Pa.): This paper is a tribute to a 
most unusual and dramatically successful 
peacetime effort in engineering co-operation 
when the best available talent in the United 
States was brought together under the 
leadership of J. V. B. Duer, a Fellow of the 
Institute since 1929 and, at the time this 
locomotive was born, Chief Electrical Engi- 
neer of The Pennsylvania Railroad. It is 
probably unfair to single out any one 
engineer for particular mention from among 
the many from all the companies who co- 
operated in this project, but it is my belief 
that the greatest individual contribution 
came from Basil Cain who conceived the 
running gear that gave this locomotive such 
excellent tracking characteristics. 

It is interesting to speculate on what 
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might have been the logical development of 
the GG-1 had not further extension of The 
Pennsylvania Railroad system ceased before 
the fleet of 139 locomotives was completed. 
When the extension to Pittsburgh was being 
studied, 7,500-hp and 10,000-hp locomotives 
were designed for high-speed passenger 
service and to move freight over the 1% 
ruling grades at 50 mph. The 7,500-hp 
locomotive would have been named the 
GG-2 and would have had the 2-C+C-2 
running gear with 60-inch wheels to accom- 
modate the larger motors. These motors 
were to have been a modernized version of 
the motors used on the 2-D-2 locomotive 


mentioned in the paper that bore the num- 
ber 4800 originally. The so-called 7,500-hp 
locomotive was designed to develop 14,000 
hp at 61 mph and 8,500 hp at 100 mph. 
The 10,000-hp locomotive was to have been 
used for freight service only. The Pennsyl- 
vania Railroad electrification system was 
designed to deliver 36,000 hp to a single 
train and these superpower locomotives 
were to take advantage of this huge source 
of power. 


H. S. Ogden: I wish to thank Mr. Less- 
mann and Mr. MacLeod for their discussions 


and their interest in this paper whic 
largely historical. 

Mr. Lessmann has emphasized the q 
ity of the locomotives and drawn at 
to aspects of their operation not coy 
elsewhere. In doing this, he has 
commented on some of the personal 
that were involved in the GG-1’s de r¢ 
ment. 

Mr. MacLeod takes us into the realn 
speculation and comments on what m 
have happened if The Pennsylvania 
road electrification had been extended. 
also mentions some rather large power 
single-cab locomotives. , 


Train Performance Calculated by Digital 


Computer—Supplemental Programs 


J. E. HOGAN 
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HE CALCULATION OF TRAIN 

performance, i.e., the speed, the dis- 
tance traveled, and the running time of a 
given train over a given route, provides 
useful information to railroad manage- 
ment and to manufacturers of railroad 
traction equipment. These calculations 
are tedious and time consuming when 
performed manually. For this reason 
several special-purpose machines have 
been constructed to perform the computa- 
tions more rapidly.1_ Recently the use of 
high-speed digital computers has resulted 
in a much greater saving of time. 

Since its development in 1957 the 
Pennsylvania Railroad digital computer 
program? for calculating train perform- 
ance on the International Business Ma- 
chines (IBM) Model 650 data processing 
machine has been used extensively. It 
has saved many man-hours and has facil1- 
tated the study of the performance of 
several proposed new trains and _ loco- 
motives. Time for much of this work 
might not have been available with pre- 
vious slower calculating methods. 

The rate at which the digital computer 
accurately calculates train performance is 
amazing. Nevertheless, the preparation 
of the essential preliminary data still takes 
time. Now, however, a part of this 
preparatory work can be performed 


Paper 60-25, recommended by the AIEE Land 
Transportation Committee and approved by the 
AIEE Technical Operations Department for presen- 
tation at the AIEE Winter General Meeting, 
New York, N. Y., January 31—February 5, 1960. 
Manuscript submitted September 28, 1959; made 
available for printing October 26, 1959. 


J. E. Hocan is with the Pennsylvania Railroad 
Company, Philadelphia, Pa. 
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rapidly by the digital computer with con- 
siderable saving in time through the use 
of two new programs: 


1. A program to calculate MALT (maxi- 
mum acceleration on level, tangent track) 


2. A program to finalize track data 
MALT Calculating Program 


By the use of the MALT Calculating 
Program, the digital computer calculates 
and. stores the necessary tables of the 
maximum acceleration on level tangent 
track or MALT, the tractive effort and the 
tractive resistance. These tables are 
then used in the aforementioned train 
performance calculating program to cal- 
culate the performance and the energy or 
fuel consumption of: 


1. Freight trains 
2. Passenger trains (locomotive hauled) 


3. Trains of multiple-unit cars 


With this program, only one punched 
card is required for the pertinent data 
of each train consist. This is a note- 
worthy time-saving feature. Into the 
train data card is punched the following 
information: 


1. Number of cars 


2. Total weight of cars 


3. Number of cars with mechanical axle- 
driven air-conditioning apparatus 


4. Cross-sectional (frontal) area of cars 


5. Number of locomotive units, or motored 
multiple-unit cars 


6. Weight per locomotive unit 
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7. Axles per locomotive unit 
Cross-sectional area of locomotive 


9. Locomotive identification 
10. Train identification 


11. Code: 


88 Freight train 

98 Passenger 
hauled) 

89 Multiple-unit train 

99 Helper locomotive 


train (locome 


After one train data card has b 
punched, a card for another train diff 
by only one or two items can be prepa 
quickly. This reduces the prepara 
time for subsequent runs. 

In addition to the train data card, 
to four punched cards are required 
tabulating the tractive effort or trac 
force for each 5-mile-per-hour incren 
of speed. However, as tractive ef 
data are constant for each class of le 
motive unit or multiple-unit car, # 
tractive effect cards are prepared ¢ 
once ard may be used repeatedly. 

By the use of special control cards 
serted in the deck of train data cards, 
following changes in train data can 
made automatically during a run with 
stopping the calculations: 


1. Changing train consist (cars anc 
locomotive) 


2. Adding helper locomotive 
3. Cutting off helper locomotive 


In the calculation of a run, the iner 
in machine-time developing the st 
tables is less than 6 seconds. In these 
seconds the following work is perfort 
by the digital computer. ; 


1. Store train data on memory drut 
2. Store table of tractive effort per 


8. Compute and store a table of t 
tractive effort 


4. Compute and store a table of the | 
tive resistance of the locomotive 


5. Compute the tractive resistance of 
cars, add the locomotive resistance 
store the sum, forming a table of 1 
resistance 


TO CHANGE CONSIST 


START OR TO ADD HELPER TO CUT OFF HELPER 
1900 START START 
A1|SET SW3 NORMAL 1788 v_ H- OFF . 1700 
A3|MODIFY LDTBL FOR EXIT TO AD 


SET J EXIT TO Nt, SET AA EXIT TO LDTBL 
SET SW2, SW5, SW6, SW7, SWB NORMAL 


SET SW2 REVERSE 
SET AA EXIT TO Sw2 


SUBTRACT WEIGHT OF HELPER FROM TRNWT 


Ali [SET SW4i_ AND SW4 NORMAL 


SET V AND VSQ ZERO 


ai 
: INITIALIZE TEPU, TE, RESL, RES, MALT 


1988 


)TBL |READ TEPU AND TRAIN DATA CARDS 


AD |SEPARATE & STORE 8 ITEMS OF TRAIN DATA | 


4ST SELECTION 


Bi |SET BA EXIT TO B2 


CODE 99: ADD HELPER 


CODE 89: M-U_ TRAIN 
CALCULATE FACTORS FOR LOCO. RES. 


BA |STORE EXIT INSTRUCTION 
C&S LOCWT, K3(LOCWT), K) (LOGWT) + Ko(APU)(NU) 
BA 
XI 


B2|C&S K5(XAU), Ke(XAU)(NU-1), TRNWT | 
SND SELECTIONICOUE 28: PSGR. TRAIN 


CODE W88: FREIGHT TRAIN 
SET CA EXIT TO C2 
CA |\C&S Ky(TWC) +4Koa(NC) 


FACTORS FOR FRT. CAR RES. 
C2\C&S Kq(TWC), K7(XAC)(NC) 
SET HIEXIT TO J 


CALC. FACTORS FOR 
PASSENGER CAR RES. 


CALC. FAICTORS FOR 
M-Uy TRAIN RES 


FA 
SET BA EXIT TO F2 


CALC, FAIGCTORS FOR 
HELPER} RES 


SET CA EXIT TO D2] Et 


D2 E2 


F2 


[C&S K3(TWC), Kg (XAC)(NC) | 


ANY MAG CARS? YES 


INSERT TWC 
SET IHUEXITs MOWIE 


C&S Ka(TWC), Kg(XAC)(NG-l), K5(XAC) 
IN| TRNWT 


C&S Kg (XAU) (NU) 
SET Ks(XAU)= ZERO 
ADD WEIGHT OF HELPER TO TRNWT 


[SET H EXIT TO J] [C&S Kg(MAC) 


SET H EXIT TO SWI 


H 

STORE EXIT INSTRUCTION 

C&S TOTAL RESISTANCE OF CARS 
H 


| 


SET J EXIT TOM 
SET SWS, SW7, SW8 REVERSE 


R 

>» <Ewi> CALC. RESA <we> STORE RESAC IN RAG 3O 
P N ie aes SET SW6 REVERSE 
C&S RESL_AND RES 


N 
<sw5>8 
L clita 
C&S VSQ (CALC. K5(XAC)(VSQ), ADD TO RES | XIT 
N Ni. M 


CUT OFF HELPER 


ADD RAC 30 TO RES 


SET MALT ADDRESS 0850 
SET SWi, SW4, REVERSE 


SUBTRACT RESL OF HELPER FROM RES 
SUBTRACT HELPER TE FROM TOTAL TE 


ADD RESAC TO RES 


C&S TE =(TEPU)(NU) 


ADD TE OF HELPER TO TOTAL TE | 


Q 


C&S MALT= (TE-RES)/100(TRNWT) 


N Y 
<ewa~ fig V= 30 
R NO 


ADD 5 TO V 
ADD 4 


TO ADDRESS OF TEPU 1001 


1S MALT TABLE COMPLETE? 


NOY N 


ADD 1 TO ADDRESS OF TE, RESL, RES MALT | 


CONTINUE TRAIN PERFORMANCE CALCULATION 


NEw? 
ee: 
(Se Vial sOre 
YES 
SUBTRACT RAC30 FROM BES 
SET SW7 NORMAL 


Fig. 1. 


rom values of tractive effort, resistance 
train weight, compute and store a 

of maximum acceleration on level 
ent track from the equation: 


T=(TE-RES)/100(TRNWT) (1) 
hich 


LT=Maximum acceleration on level 
tangent track (miles per hour per 
second) 

Tractive effort (pounds) 
=Total resistance (pounds) 

IWT=Train weight (tons) 


hen done manually, this work, in- 
ing punching and checking the data 
s, takes about one man-hour. 


y 1960 


SET SW3 REVERSE, READ CONTROL CARD A 


BRANCH CARD SENDS CONTROL TO OI00,0200 OR 0300 
TO START TRAIN PERFORMANCE CALCULATION 
(SEE TRAIN PERFORMANCE CALCULATING PROGRAM) 


The methods used in developing the 
several tables may become evident from a 
study of the flow diagram of the program 
logic, Fig. 1, in which the following abbre- 
viations or symbols are used. 


APU= Axles per unit 

C&S = Calculate and store 

CODE = Train code 

LDTBL =First instruction of stored routine 
for loading data into the IBM 650 

LOCWT =Locomotive weight, total, tons 

K2=Constant No. 2 

MAC CARS= Mechanically air-conditioned 
cars, apparatus axle-driven 

MALT=Maximum acceleration on level 
tangent track 

M-U = Multiple-unit 
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Flow diagram, program to calculate maximum acceleration on level tangent track 


N=Outlet of switch set normal; R, reverse 

NC= Number of cars 

NU=Number of locomotive units or mo- 
tored M-U cars 

RAC30=Resistance caused by air-condi- 
tioning at 30 miles per hour 

RES = Tractive resistance, total, pounds 

RESAC=Resistance caused by air-condi- 
tioning, pounds 

RESL = Resistance of locomotive, pounds 

SW2=Switch No. 2 

SW2 N=Switch No. 2 set normal; SW2R, 
reverse 

TE=Tractive effort or tractive force, 
pounds 

TEPU =Tractive effort per unit, pounds 

TRNWT= Train weight including weight of 
locomotive, tons 
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TWC=Total weight of cars and lading, tons 
= Speed, miles per hour 
VSQ =Speed squared 
XAC=Cross-sectional area of cars, square 
feet 
XAU =Cross-sectional area of locomotive 
unit, square feet 


In a manner typical of digital computer 
programing each value of resistance is 
calculated when needed by the use of 
stored equations. This is in contrast 
to the usual method of reading values 
from tables or charts when performing the 
calculations manually. To minimize 
computer time, the program is arranged 
efficiently so that factors which are to be 
used repeatedly are computed and stored 
first, thereby reducing the number of mul- 
tiplications. Locomotive resistance, total 
resistance, tractive effort, and maximum 
acceleration on level tangent track are 
calculated for each tabular speed before 
proceeding to the next speed. 

Tractive resistances calculated by this 
program are based on the Davis equations? 
as follows: 


Locomotive: 


RESL=k:(LOCWT)+ko(APU)(NU)+ 
k3\ LOCWT)(V)+k:( XA U)(VSQ)+ 
kof XAU)(NU—1)(VSQ) (2) 


Freight cars: 


RES =k TWC)+4ko!N C)+ 
ki(TWC)(V) +k(XAC)(NC)(VSQ) (3) 


Passenger cars: 


RES=ki(TWC)+4ko! NC) + 


ki(TWC)(V)+k(XAC)(NC)(VSQ) (4) 


Train of multiple-unit cars: 


RES =k TWC)+4ho! NC) + 
ki TWC)(V) +h XAC)( VSO) + 
kof XAC)NC—1)(VSQ) (5) 


60 60 
SPEED 

Spall RESTRICTIONS 
See 
oO 
<= 
tw 
& 40 
2) 
a 
S30 30 
a 
ws 
fs BRAKING LINES 

20 | 


XE XD xC XA 
DISTANCE 


Fig. 2. Braking conditions affected by brak- 
ing rates 
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BRAKING 

- LINE 
uJ 
Ll, 
a 
wn 

| 

\ 
XC XA 


DISTANCE 
{. SLOWING TO SPEED VA OR STOPPING 
2. XB BETWEEN XC AND XA 


A. 


VATC 

MN BRAKING 
fa) Lean i as 
im) VD 
ive) i 
a 
n TRAIN SPEED 

|| M 

XB VA 
xD XC XA 
DISTANCE 


1. SLOWING TO SPEED VA OR STOPPING 
2. V << VATC < vc 


(SPEED NOT INCREASED AFTER PASSING XC) 


Cc. 


Fig. 3. Braking conditions affected by various combinations of speed restrictions and ' 


where 


k=1.3 

ky =29 

kz =0.030 
ky=0.045 
ks =0.00200 
ke=0.00034 
k; =0.00050 


Two of the equations have been modi- 
fied by using 0.00200 instead of 0.00240 as 
the coefficient K; for the term expressing 
the air resistance of the leading unit. 
This change was the result of comparing 
calculated running times of high-speed 
trains with the observed time of actual 
runs. 

In the program the resistance or drag 
due to axle-driven air-conditioning ap- 
paratus is based on 25 horsepower per car 
at and above 30 miles per hour. 


Program to Finalize Track Data 


The Track Data Finalizing Program 
simplifies the preparation of track data. 
In the finalized (ready to use) deck of 
track data cards, before all slow-downs 
and station stops, the points where brakes 
are to be applied and the rate of braking 
deceleration must be specified. For runs 
in which speed restrictions or stops are 
frequent, such braking data are numerous. 
Furthermore, to calculate anotherrun with 
a different maximum speed or with a dif- 
ferent braking rate, the braking data must 
be changed accordingly. When done 


_ become the “braking points’ in the: 


a s 
cedure become evident from a stu 


DISTANCE 


1. SLOWING TO SPEED VA OR: STOP 
2. VD > VATG < VC 
(THE BRAKING RATE FROM XB TO X 
MAY DIFFER FROM THAT XC TO X 


“Gnas 
DISTANCE 
1. STOPPING AT XC ; 
2. SLOWING TO SPEED VA OR 

STOPPING AT XA 


D. 


manually this entails not only recale 
ing the data for the braking points, 
also repunching and replacing the br: 
cards in their proper places in the 
of track data cards, or repunching 
entire deck. . 

With this new program, the man 
prepared track data cards specify 
the basic track data, i.e., grades, s 
restrictions, and sian: the final 
program calculates the braking dat 
curately and produces a second de 
track data cards with the braking ¢ 
in their proper places. 

Prior to the finalizing process, the 
of basic track data is reversed so tha 
process becomes one of calculating sj 
and distances during acceleration fr 
than braking. The points where the 
culated speeds reach the authorized sj 
ized track data. Reasons for this 
Fig, 2. 

In this case, approaching the sti 
at XA, the speed must not exceed 6 
and 30 miles per hour when the 
passes XE, XD, and XC respecti 
For a train with a certain braking rai 
stop the train at XA, the brakes mu 
applied as the train passes XB, if at 
point the speed is 60 miles per hour. 
this braking rate the “braking line” 
to XA represents the locus of poini 
which, for the speed indicated, the bt 


May 


t be applied to stop the train at XA. 
e train is limited to a maximum speed 
0 miles per hour, for optimum braking, 
brakes should not be applied until the 
nm passes XBe. For a train with a 
ain higher braking rate, traveling at 
miles per hour initially, the brakes 
uld be applied at X Bs, released at XD, 
pplied at XB,, released at XC and re- 
lied at XBs. 

he braking rate is affected by the 
e. For the same speed reduction and 
nsity of brake application, the braking 
ance and the braking time on an 
nding grade will be less than on a 
ending grade because of the retarding 
ct of the ascending grade. Based on 
-service brake applications, for loco- 
ive-hauled passenger trains, the brak- 
rates used in the program are obtained 
se of the equation: 


—(PBRC)(4+G) (6) 
‘hich 


Braking rate (negative), miles per hour 
per second 

Grade in per cent, positive for ascending 
grades, negative for descending 
grades 

C=Passenger train braking rate con- 
stant: 

0.244 for reducing speed 

0.220 for stopping 


he passenger train braking rate con- 
t is less for stopping, partly because 
coefficient of friction between wheels 
brake shoes increases materially as 
speed appraches zero. Proper han- 
g of the train requires the pressure of 
e shoes on wheels to be reduced just 
r to stopping avoid a “rough stop.” 
, to stop precisely at a certain loca- 
it is usually necessai y to reduce speed 
run at alow speed for a short distance 
re the final brake application. 

ests have indicated that the rate of 
ing deceleration of freight trains 
ies widely. Therefore, regardless of 
grade, the freight train braking rate 
in the program is 1/4 mile per hour 
second. This is probably not ac- 
te but is conservative and in line with 
degree of accuracy required in calcula- 
s of performance of freight trains. 

or other types of trains, any selected 
d value of braking rate may be read 
iually into the memory storage of the 
puter before starting the finalizing 
ulations. 

raking distance is calculated by the 


(Vi?— V2?) /(—7,200B) (7) 


Fig. 4. Flow START 
diacram VARB 0100 
amy Prostar SET SW1_N| 


START 


CNSTB v 0200 
SET SW1_R 


to finalize track 


READ INTO REG. A, CHECK VMAX 


data READ INTO REG CG 


CHECK SEQ, & VMAX 


rt 


4444 


READ INTO REG. D, CHECK SEQ. & VMAX 


INPUT 


IS CODE OF CARD A 


SEQ, 


29/970. 


IS VA _< VGF 


YES (SLOWING) 


WES 
(STOPPIING) 


INSERT VA IN VO 


INSERT CARD NO. & CODE 988 
IN CB AND 0.244 IN PBRG 


INSERT ZERO IN VO 
INSERT CARDNO & CODE 998 
IN CB AND 0.220 IN PBRG 


INSERT VC IN VB 


INSERT GC IN GB 


INSERT BF IN BB 
CALC. & STORE BB 
CALC. & STORE DVSR1 


SQUARE VO & STORE 


IS XB > XCP 


INSERT (VATC-5) IN VB & VC] 
CALC. & STORE VATC | 
IS CODE - CARD C =999? 
sees 
CALC. & STORE DXB, XB Is ware = VDP 


VYES 
SET en REVERSE 
a REG. A 


CHECK OUTPUT SEQ. 
PUNCH REG. B 
SET SW2 NORMAL 


INSERT VD IN VB AND VC} 
(CALC. & STORE DXB, XB | DXB, XB 


[INSERT VATC IN VG 
INSERT BB IN BC 

INSERT CODE CB IN CG 
PUNCH REG. A a) 


CLEAR REG. B 


TRANSFER DATA OF REG. C TO REG. A 


TRANSFER DATA OF REG. D TO REG. C 


D=Braking distance, miles 
=Speed at start of braking, miles per hour 
=Speed at end of braking, miles per hour 
B=Braking rate (negative), miles per hour 
per second 


Various combinations or sequences of 
speed restrictions affect the calculations 
of braking lines as illustrated by Fig. 3, 
wherein: 


XD, XC, and XA =Consecutive locations 
where speed restrictions change or 
where train is to stop 

VD, VC, and VA =Speed restrictions which 
apply when the train passes locations 
XD, XC, and XA respectively _ 

XB=Location where brakes should be 
applied, if the speed of the train at 
that point is sufficient to so warrant 

VATC=Speed characteristic of the braking 
line at XC 


Fig. 4 shows the flow diagram of the 
Track Data Finalizing Program in which 
the following abbreviations or symbols 
are used: 


BB=Braking rate, negative, miles per hour 
per second. 

BF =Fixed braking rate, negative, normally 
—0.25 mile per hour per second 

CNSTB=Program entry to finalize track 
data us ng braking rate BF 

CODE =Train code 

DVSR1=(—7200)(BB) 

DXB = Braking distance, miles 

N=Outlet from switch set normal; R, 
reverse 

PBRC= Passenger braking rate constant 

REG. A=Storage location for track data for 
XA 

SW2=Switch No. 2 

VARB=Program entry to finalize track 
data using passenger-train braking 
rates determ’ned by grades 
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VATC=Speed at C during braking when 
XB<XC 

VMAX=Maximum speed, normally 120 
miles per hour, controls only if track 
data give authorized speeds greater 
than VMAX 

VA, GA, BA, and CA are authorized speed, 
grade, braking rate, and code respec- 
tively of track location at distance 
XA. Symbols for XB, XC, and XD 
correspond 


Conclusions 


The advantages of using a digital 
computer, not only to calculate train 
performance but also to do some of the 
work of preparing the essential prelim- 
inary data, will be appreciated bv those 
who are familiar with the complexities 
and the tediousness of the computa- 
tions when done manually. The time- 
saving is particularly important. Like 
all such applications of the digital com- 
puter, by making engineering computa- 
tions faster easier, and more dependable, 
these applications enable the engineer to 
obtain more answers and more accurate 
answers to the problems of management, 
research, and development. 
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Discussion 


D. R. MacLeod (The General Electric 
Company, Erie, Pa.): This paper by Mr. 
Hogan is a welcome sequel to his earlier 
work, reference 2 of the paper, which pub- 
lished for the first time a thoroughly tested 
IBM 650 program for calculating the speed- 
time-distance performance of trains. The 
two supplemental programs given in this 
paper will reduce the amount of time neces- 
sary for preparing the MALT and PRO- 
FILE data. The program for calculating 
the MALT is straightforward, and the only 
suggestion that can be made is that some 
computer time could be saved by using train 
resistance cards instead of making the cal- 
culation on the computer. 

The second program has used the clever 
trick of reversing the regular profile deck 
and using the braking characteristic as if it 
were motoring to calculate the braking zone. 
In the original program published in 1958, 
it was necessary to average the grade in the 
braking zone and no change in braking rate 
was possible. 

Fig. 3(B) of this paper has a note that the 
braking rate from XB to XC may differ 
from that from XC to XA. It is of course 
quite possible to have large changes in grade 
between XB and XA so that, with the 
braking rate constants that have been 
taken as standard, different braking rates 
will result. 

In order to handle this for all possible 
changes of grade the computer would either 
have to average the grades and use a con- 
stant grade for the braking zone or, better 
still, it could calculate the speed at C and B 
that would be necessary when the motoring 
calculation was made. The averaged grade 
would be punched into the profile deck in 
the first case and the fictitious speeds at C 
and B would be punched into the profile 
deck as speed restrictions in the second case. 
It would be interesting to know if the author 
used either of these alternatives. 


I. H. Cole (Canadian National Railways, 
Montreal, Quebec, Canada): The Cana- 
dian National Railways (CNR) are in the 
process of calculating the minimum running 
time versus power-to-weight ratio of their 
main line trains for the guidance of line 
operation staffs. It involves calculating, 
as a first step, train performances for about 
200,000 train-miles and, obviously, it could 
not be done without a high-speed method of 
computing. The Pennsylvania Railroad 
Company made available to the CNR its 
excellent computer program for calculating 
train performance and, after trying out the 
method to confirm its accuracy, the CNR 
decided to reprogram it in order to effect a 
major reduction in the work of preparing 
track data for 25,000 miles of CNR main 
line. 


. Input DATA 


Track Data. First, raw track data com- 
prising track elevations, curves, speed re- 
strictions, and the corresponding mile-post 
locations are punched on three decks of 
punched cards. Next, a _ supplemental 
program resolves any minor inconsistencies 
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in the mass-produced raw data and con- 
solidates them on two decks of cards: 


1. An Elevation Deck which contains 
information on track elevations and the 
equivalent feet of climb for curve resistance. 

2. A Speed Deck which contains the 
speed limits dictated by track restrictions 
and curves. There are separate speed 
decks for passenger trains, freight trains, and 
rail-diesel cars. 


Lastly, to complete the track data, there 
is a deck of Speed Orders for the run in 
question; it contains the stops, the passing 
points, and any temporary speed orders for 
the run. 

The three decks of track data cards are 
read into the IBM 650 simultaneously from 
an on-line IBM 533 and two on-line IBM 
407 units. Data for several miles of track 
are stored in the computer memory at all 
times and are renewed as the journey 
progresses. The decks serve for both 
directions of travel, merely by reversing 
them. ; 


Train Data. The CNR Operation De- 
partment is not vitally interested in calcu- 
lating the performances of a large variety of 
trains and the train data are prepared manu- 
ally, much in the same way as they are with 
The Pennsylvania Railroad Company’s 
original program. 


CALCULATING TRAIN MOTION 


The calculation of train motion with the 
CNR’s program differs from The Pennsyl- 
vania Railroad Company’s in the following 
respects: 


1. A probe in front of the train senses a 
reduction in speed limit and automatically 
sets the “‘braking-line’’ for reducing speed. 
A train does not begin accelerating till its 
rear-end clears the prevailing speed limit. 

2. The average train elevation is used in 


calculating the effective grade at each step 


of the computation; that is, train weight is 
assumed to be distributed over its length and 
the effect of the ruling grade is accurately 
calculated. A second advantage of dealing 
with the grade in this way, is that a longer 
time increment can be used for each step 
and, therefore, a faster computing speed, 
without introducing large errors. 

3. The speed of calculating train perform- 
ance with the CNR’s program is not as fast 
as that obtained with The Pennsylvania 
Railroad Company’s program, but the 
slower speed is acceptable in view of the 
reduction that has been effected in the 
work of preparing the track data. 


TRAIN PERFORMANCE OUTPUTS 


The output of the CNR’s program is in 
three parts: Summary List, Speed Graph, 
Detail List. 


Summary List. A summary of the cal- 
culations is provided for every run; at each 
station stop or passing point the following 
items are listed: 1. Distance traveled; 
2. Cumulative running time; 3. Cumula- 
tive locomotive output energy at rim of 
driving wheels; 4. Locomotive load factor 
between stops, i., fraction of available 
energy used; 5. Braking effort between 
stops; 6. The slowest speed reached below 
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‘with momentum would be able to as 


any arbitrarily chosen speed and its loc 
(for locomotive tonnage ratings). 


Speed Graph. The second output, whic 
optional, is a visual presentation o 
speed versus distance traveled: train sg; 
as well as the prevailing speed limit 
plotted every quarter of a mile; also she 
are the locations where the locomotive 
erated at full power and where brakes y 
applied. 


Detail List. The third output, also 
tional, is a detail listing of the train 
formance calculations: the following it 
are listed every one quarter of a mil 
the journey: 1. Distance traveled; 2. 
ning time; 3. Train speed; 4. Acceleratj 
5. Effective grade; 6. Train resistance 
Locomotive tractive effort. 


J. E. Hogan: The author expresses 
sincere thanks to Mr. MacLeod and 
Cole for their interest and the discuss 
they have presented. 

Previously, in the preparation of tf 
data, to simplify the manual calculation 
data points within braking zones — 
eliminated. However, this had several 
advantages, one of which was the occasi 
elimination of a desired timing point. 
the use of the supplemental program 
finalizing the track data, all data points 
retained. The speed of the slowing t 

at each intermediate point in a braking z 
becomes a fictitious speed limit; fa r 
stance, in Fig. 3(B), VATC becomes 
fictitious speed limit from XC to XA. 

A welcome innovation is the method 
veloped by the Canadian National Railw 
of using a probe in front of the train to sé 
reduction in speed limit or a station | 
and to calculate the braking data while 
simulated train is enroute. This eli 
nates the necessity for finalizing the ti 
data before starting the train performa 
calculations. 

Of great advantage in train performe 
calculations is the development by 
CNR of a method of taking into acco 
the length of the train. Calculations 
on train weight concentrated in a poin 
dicate that a train begins to lose appi 
able speed at the instant the locome 
reaches the foot of a steep grade. Ac 
the grade will not have its full effect 
ducing the train speed until the entire f 
is on the grade. The reverse effect 
place as the train passes over the sum 
Usually, these two types of error cancel € 
other nicely in even the shortest train 
formance runs and sufficiently accu 
values of total time are obtained. Howe 
with certain fortunately rare combinat 
of grades, distances, and approach spe 
calculations based on concentrated t 
weight have indicated falsely that a he 
train would stall whereas with the distrib 
weight method, the calculations showed 
actual runs proved that the train opera 


the grade. Results of calculations base 
distributed train weight closely approxit 
those of actual operation. 

It would be interesting to know mot 
the procedures used by the Real: in 
computer program. ; 


May 1 


E OBJECTIVES of this paper are 
1) to provide curves displaying ac- 
ely determined values for the capaci- 
per unit length of two parallel 
ngular cylinders, and (2) to present 
ef explanation of the technique used 
taining these curves in order to in- 
e its utility in the study of other 
uctor configurations. In addition to 
iding capacitance values, the curves 
iseful in determining the magnetic 
eance associated with relay and con- 
r magnets of similar configuration. 
od example of the latter is the inter- 
leakage permeance of the magnet in 
1. The technique, a natural ex- 
ion of the method of subareas, as 
unded by Higgins and Reitan,!—* was 
ed earlier by T. N. Feng in the work 
ibed in his unpublished thesis at the 
ersity of Wisconsin, Madison, Wis., 
51. The depth of that investigation 
somewhat limited, however, for it 
carried on prior to the time that high- 
id computing equipment was generally 
able. The present work obtains 
il results by taking full advantage of 
capabilities of the magnetic-drum 
-processing machine. 
e motivation for the present investi- 
m arose out of a study of the perme- 
of the flux paths between the two 
of the magnet of Fig. 1. While 
oximate methods for estimating this 
eance have been given previously,4~® 
rder of accuracy of these estimates is 
what uncertain. Fig. 1 illustrates 
technique for studying such a field, 
Iving the use of imaginary magneti- 
insulating partitions to separate the 
Such division enables each part of 
field to be considered as an entity. 
present investigation is concerned 
determining the permeance of that 
ion of the field which lies between the 
planes. Since the planes are perpen- 
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dicular to the axis of the poles, the field 
configuration is identical with that be- 
tween two rectangular cylinders of 
infinite extent. 

Because most of the related works 
cited are reported in terms of electric 
capacitance, this term is also used here. 
The simple conversion of equation 1 per- 
mits the permeance of the related field to 
be determined: 


P=(120 3)? (u,/e,) (C) (1) 


where C is the capacitance per unit 
length in farads per meter, P is the re- 
lated permeance per unit length in 
webers per ampere-turn-meter, yu, is the 
relative permeability of the mediiim in 
which the magnetic field is established, 
and e¢, is the dielectric constant of the 
medium in which the electric field is estab- 
lished. 


The Analysis 


Consider the following problem: Given 
two parallel rectangular cylinders of 
perfectly conducting material immersed 
in a homogeneous, isotropic, linear di- 
electric of permittivity ¢, find the elec- 
tric capacitance per unit length in the 
axial direction. Several methods of solu- 
tion suggest themselves. Graphical, 
numerical, or analog field mapping might 
be utilized, but these are inefficient as 
they provide more detail than is re- 
quired in the present problem. Direct 
measurement on an _ electroconducting 
analog can be used, but the accuracy of 
such a method is somewhat limited. The 
solution to the problem can be easily 
outlined using the Schwarz-Christoffel 
theorem concerning complex variable 
transformations. Actual results, how- 
ever, are only obtained after long and in- 
volved numerical integration. 

In view of the above, an extension of 
the method of subareas to the 2-dimen- 
sional case appears to provide the best 
approach, In this method, the conduc- 
tors are divided into ribbonlike subareas 
and each of these is replaced with a line 
charge, as shown in Fig. 2. Three 
assumptions are made: 


1. If the line charges are held at the same 
potential as the conductor which they repre- 


sent, the charge on the conductor per unit 
length is equal to the total of the corre- 
sponding line charges per unit length. 


2. For the purpose of calculating poten- 
tial at the center of one subarea due to the 
charge on another subarea, the latter can 
be considered a concentrated line charge. 
Feng shows this to be a good approximation 
as long as the distance between the centers 
of the subareas exceeds the width of one 
subarea. 


3. For the purpose of calculating potential 
at the center of a subarea due to its own 
charge, that charge is assumed to be uni- 
formly distributed. 


With these assumptions, the potential 
at the center of each subarea, V;, can be 
expressed as a linear combination of all 
the charges: 


n 
=) Saji (2) 
f= 


Because of symmetry, need only be 
equal to the number of line charges repre- 
senting one half of one conductor. If, 
in this system of equations, the constraint 
Vi=Vo is imposed, then equation 2 
represents 7 equations in unknowns, the 
individual line charges per unit length. 
If this linear system be solved for the q,’s, 
then capacitance per unit length is easily 
determined from: 


C=) /4;/Vo (3) 


J=1 


Of course, before the linear system can be 
solved, the coefficients S;; must be eval- 
uated. These are calculated as _ log- 
arithmic functions of certain distances. 
The potential at a radius R from a line 
charge g per unit length is 


V=(q/27e) (In-o —In.R) (4) 
The potential V; in Fig. 2, due to the 


Magnet with rectangular-cylindrical 
poles 


Fig. 1. 


it organ—Ca pacitance of Parallel Rectangular Cylinders 119 


Vj Fig. 2. Subareas for parallel 


rectangular cylinders 


Table I. Capacitance Per Unit Length for Parallel Square Conductors 
Capacitance: C/e; in micromicrofarads per meter 
Lower Limit Upper Limit 
(Inscribed Results from Present (Circumscribed 
D/B Circle) T. N. Feng Results Circle) 
e0 a ey es i ee eee es eee 
|e aChE ue ere CCS SU ae aie sisi sicea Sache PY: Nae SHER Biqme Hate 7 One DBA 3 sn acheter aaah 31.49 
ee ches de nvaisiee e.Nas DBAS i. che *bsicysn «tere Le: Cy Ie earn Ae rs 14,99) $c... Gales 16.34 
tees ke tere seate Toren sere TOSCO 3S tere ase TOGG9G" si: ces aan ne ae CY: en RMeMyS Greece ce 11.49 
Glance eet ake | eee eee SR te GEOBION SA hace tortetens ois Tie hicks abe ae ebay Se fees 7.29 
Table II. Capacitance Per Unit Length as Dependent on Number of Subareas Repre- 
senting Conductor 
Capacitance, 
Number of Difference Micromicrofarads Difference, Per Cen 
Subareas An per Meter Difference Per Cent An 
FL cath, eR Cane Sate Baa ea pen eee 26.39 
Ose cickiaiase% fey cle Bord dey gb eeeay es 26) 00. sake, = ake ePnces OSA cntes: os 1.58 0.395 
AR Ie Were tea Sten Keene 2B CB wgieusine aie pee OV 25 ates peta oe OR Lo i ete oe iris 0.124 
BO pes tans sterivastean 9 AG ies ae edowss shag ae 2D 4 es ew ene QUSIS a aepeatemt. wise 22a Soa tee 0.076 
GR ress Wale ee artuess ens : SRO eer 20). OOin she ate sions aoa DIOS Ma eee Soa O36 ch ee ae 0.045 


four line charges +g; symmetrically dis- 
posed, is 


=(q)/27e) [In.(RoRs/RiRs) | (5) 


except for 7=j7. For the case of 1=j7, the 
assumed uniform charge distribution can 
easily be integrated to yield: 


=(q./27re) (1+1n.2+1n.(R2Rs/Rs) | (6) 


The coefficients to be evaluated are the 
multipliers of g; in equations 5 and 6. 

The computer is programed to cal- 
culate the solution in three steps: (1) The 
coefficients S;; are evaluated. (2) The 
linear system of equation 2 is solved. (3) 
The resulting charges are summed to yield 
the capacitance according to equation 3. 


Results 


The computer was programed to cal- 
culate the solution for 54 combinations 
of the ratio 2A/B representing the pro- 
portions of the individual conductor and 
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D/B representing the spacing. This 


utilizes approximately 90 hours of com- 
puter time. Results are given in Fig. 3. 
Results in tabular form are available from 
the author on request. One check on the 
precision of the results is shown in Table 
I. For the square conductor (24/B=1) 
the upper limit on the capacitance is 
given by that of the circumscribed cir- 
cular cylinders, while the lower limit is 
given by the capacitance of the inscribed 
circular cylinder. These limits are given 
in the table, together with the results 
reported by Feng. He calculated only 
for the square conductors, and used only 
16 line charges to represent one conductor. 
Nevertheless, this does provide a good 
independent check on the procedures and 
computer programing, 

As in all numerical methods, the 
question of absolute precision is a difficult 
one. In the present problem, some idea 
can be obtained by solving the same 
problem with different numbers of line 
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Fig. 3. Capacitance of parallel rectans 
cylinders 


charges representing the conductor, — 
sumably, as this number approaches it 
ity, the result approaches the true v; 
Therefore, the difference between car 
tance for increasing number of 
charges is some indication of the preci 
Table II shows the results of such cale 
tions. In the actual calculations 
number of subareas per conductor we 
for 2A/B=0.5; 60 for 2A/B=1, 5, at 
48 for 2A/B=7; and 72 for 2. 
On this basis, Table II indicates 
curacy to be in the order of 1%. 


Conclusions 


An extension of the method of 
areas has been used to obtain value: 
the capacitance per unit length associ 
with parallel rectangular cylinders 1 
an accuracy in the order of 1%. T. 
results are directly applicable for 
determination of leakage flux perme: 
in magnets of similar configuration. 
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